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Abstract

In the present paper, we study the polynomial approximation of
entire functions of two complex variables over Jordan domains by using
Faber polynomials. The coefficient characterizations of order and type
of entire functions have been obtained in terms of the approximation
errors.
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1. Introduction

Let I'y and I'y be given Jordan curves in the complex plane C and D;, Ej, j =
1,2., be the interior and exterior respectively, of I';. Let ¢; map E; conformally
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onto {w; : |w;| > 1} such that ¢;(co0) = oo and @;(oo) > (0. Then by [4], for
sufficiently large |z;|, ¢;(z;) can be expressed as

z c o c
i
2 ;¢

wy = @2(22):d—z+co+z—;+z—g+.... (1.2)
2

where dyandd, > 0. Let us put D = Dy x Dy and E = E; x E5 in C? and let the
function ¢ map E conformally onto the unit bidisc U = {|w;| > 1, |wy| > 1}
such that ¢(21, 22) = ¢1(21) @a(z2) satisfies the conditions (00, 0) = 0o and
¢ (00,00) > 0. Then for sufficiently large values of |z |and |2, (21, 22) can
be expressed as

21 %2 Cm,n
= = —— . 1.3
Wi Ws (21, 22) 7, 0 + E 0 mn (1.3)

An arbitrary Jordan curve can be approximated from the inside as well
as from the outside by analytic Jordan curves. Since I' is analytic, ¢ is holo-
morphic on I' as well. The (m,n) th Faber polynomial F, (21, 22) of I' is the
principal part of (p(z1, 22))™ ™ at (00, 00), so that

Fm,n(ZhZQ) = (%) (CZZ—Z> + ...

Following Faber [3] for the one variable case, we can easily see that as
m,n — oo,

Frn(21, 22)~(01(21))" (2(22))" (1.4)
uniformly for z; € Ey, z5 € Fy and
1/(m+n)
lim (max |Fm7n(z1722)|) = 1. (1.5)
m,n—00 \ 21,20l

A function f holomorphic in D can be represented by its Faber series

f(z1,20) = Z Z A Fmn (21, 22) (1.6)

m=0 n=0

where
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1 — — —(m —(n
am’”:W/ | /| | Fort (w5 (wa)ywy ™ Py " Vdwyduoy

and 0 < ry,79 < 1 are sufficiently close to 1 so that for j = 1, 2., gp;l are
holomorphic and univalent in |w;| > r; respectively, the series converging

uniformly on compact subsets of D. Let M (ry,ry) = |m‘ax |f(z1,22)], 7 =
Zj|=T;

1,2 be the maximum modulus of f(z1,z22). The growth of an entire function
f(z1, z2) is measured in terms of its order p and type 7(see [1]) defined as under

lnlnM(rl,rg)

li — 2 =), 1.7

L ) o
In M

i sup M2 (1.8)

b, P
71,72 —00 ™ + Ty

for 0 < p < .
Let LP(D) denote the set of functions f holomorphic in D and such that

1 1/p
Hf”Lp(D) - (Z//D |f(21,22)]pd3:1dy1d:1:2dy2> < o0
where A is the area of D. For f € LP(D), set

Eﬁ@,n - E:;L,n(fa D) - Ernln ||f - Wm,nHLP(D)

where 7, ,, is an arbitrary polynomial of degree at most m + n.

Giroux [4] obtained the coefficient characterizations of order and type of
entire function extensions of one complex variable of analytic functions over
Jordan domains. He also obtained necessary and sufficient conditions in terms
of approximation errors by using Faber polynomials for an entire function of
one complex variable to be of required growth. To the best of our knowl-
edge, coefficient characterization for order and type of entire functions of two
complex variables over Jordan domain have not been obtained so far.

In this paper, we have made an attempt to bridge this gap. First we obtain
coefficient characterization for order and type of entire functions of two com-
plex variables over Jordan domains. Next we obtain necessary and sufficient
conditions of order and type of entire functions of two complex variables in
terms of approximation errors.
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2. Order and Type

In this section we obtain the growth characterizations in terms of the coeffi-
cients {a,,} of the Faber series (1.6). We first prove

Theorem 1. The function f is the restriction to domain D of an entire func-
tion of finite order p if and only if

Inm™n™

= limsup (2.1)

m,n—oo T ln |&m,n| .
18 finite and then the order p of fis equal to p.

Proof. Let f(z1,22) = > .~ _g@mnEFmn(z1,22) be an entire function of two
complex variables in z; and 25, where

1 — — —{m —(n
Ay = W/ | /| | Flort (wn), 03 (ws))ywy "Dy D duw, dus,
wi|=r1 J |wa|=ra

with arbitrarily large r1,75. Then

|amn| =

1 B - o o
(27”)2/| | / | flen Hun), #2 1(w2))w1 ( +1)w2 ( +1)dw1dw2 :
w1 |=T1 w2 |=T9

Since from (1.1) and (1.2), we have

e1(z1) =w1 = @7 (w) =2z

Pa(22) = ws = @y (W) = 2.

Hence
|| < M(ry,re) ri™ry™ (2.2)

where M (71, 72) = max,, <., |f(21,22)|, t =1,2.
Now first we show that p > p and we assume that g > 0.Let ¢ > Obe
chosen such that € < u < co. Then from (2.1), we have

—(p—¢e)Inlam,| < In(m™n")
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= In|ap, > —

(mlnm +nlnn)
(1 —e)
for an infinite sequence of values of m and n. From (2.2), we have

In M(ry,re) > In|am,| + In(r*ry)

.1
= (n—e)

(- ) o (- ).

(mlnm+nlnn)+mlnr; +nlnry

Choosing

r = (em)ﬁ, ro = (en)ﬁ.

in the above inequality, we have

n—e n—e
In M(ry, ) > m n no_rn _ +m

(n—e) (n—e) elp—e)
Since i1 — ¢ is independent of r; and ry, therefore

Inln M
p = limsup 20 ML) o
71,72—+00 111(7‘17‘2)

and since ¢ is arbitrary, therefore we have

p = M
Conversely, let
In(m™n™)

limsup ——= =o.
m,n—oo ln |am,n’

353

(2.3)

Suppose 0 < oo. Then for every ¢ > 0, 3 X(¢),Y (¢) such that for all

m > X and n > Y, we have

|| < K m~ o+ n-ate,
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Since f(z1,22) =Y 0 o @mn Fmn(21, 22), therefore

o
|f(ZI;Z2)| <K Z miglﬁ nigiﬂ |Fm,n(zla22)|'

m,n=0

By using (1.5), for all z; € E; and 2z, € Es, we have

|[Finn(21, 22)] < K ([01(20)])" (|02(22)[)"
and by using (1.1) and (1.2), for all sufficiently large |z;| and |z|, we have

| 1]

|22
d < .
d— & L p2(22)] < dy— ¢

By applying these inequalities, for all sufficiently large |z1| and |z, we

|901(21)| <

have

- _m  __n z m P n
|f<21,22)|§K Z m o+ten a+g( | 1| ) <d| 2| ) '

dy — ¢ 5 — €
m,n=0
Hence

M N m n
_m_  __n_ ™ )
M(rq,rq) < m-ote note
(r,m2) <> E:o (dl—s) ( )

do —
m=0 n 2 €

o9 00 m n
£ B () ()
dl—E dz—e’f

m=M+1 n=N+1
M [e'S) . N e m - n
£ S ) ()

di —¢ dy — €
m=0 n=N+1 1 2

dg — £ .
We now proceed as in proof of Theorem IV of Bose and Sharma [1, pp
221-223] and obtain

[e) N
Z Z __m_  __n_ r
+ m ote nm o+te (

1
di — ¢
m=M+1 n=0 1

e o+2¢e
M<T17 r2) < 0 {e((d146)1(d216)) } .
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Proceeding to limits and since ¢ is arbitrary and independent of rjand ry,
we have
. Inln M(?"l,?”g)
lim sup ——————
riramoo  I0(r172)

(2.4)

From (2.3) and (2.4), we obtain the required result (2.1).This completes the
proof of Theorem 1.

Next we prove

am,n P mtn

% IO < a < oo,
the function f is the restriction to domain D of an entire function of finite
order p and type T if and only if

Theorem 2. Let o = limsup,, ,, {mmn" (

a = eTp. (2.5)
Proof. Since f is an entire function of finite order p and type 7, therefore

£ ) g3 )] < Ay (e

and from Cauchy’s inequality, we have

lamn] < "y e T dite) )+ (da o)zl

< g e () ()
for all rq, o sufficiently large. To minimize the right hand side of this inequal-
ity, we select

P — 1 m
L= dite | p(r+e)

,and ry =

1/p 1 . 1YP
} da+e [p(T—i-a)]

Substitute r1, 9 in the above inequality, we have

(dy + €)™ (da +¢€)" [ep(T + 6)](m+n)/p
(mmnm)t/e

|| <

R ‘amn| P 1/(m+n)
or, {m n <m) } <ep(t+e).
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Proceeding to limits, since ¢ is arbitrary, we obtain
| ] py 1/(m+n)
limsup < m™n™ [ —2- < epr. (2.6)

Conversely, let

1 |a | py 1/(m+n)
i . m,n m,n = 0.
e €p {m ! (da" d’;) } 7

Suppose ¢ < oo. Then for given ¢ > 0, 3 M(e), N(¢) such that for all
m > M and n > N, we have
|| < K m™™P n=0 NS [ep(o + )] mt/e,

Since f(21,22) = >0 —o @mm Fmn(21, 22), therefore

|f(z1,22)] < K Z m~™P T AT dY [ep(o 4 €)] P | E (21, 22)).

m,n=0

From (1.5), by using the estimate of Fj,,(21,22) in the above inequality,
we have

|f(2’1, 2’2)|
< K mmie e an minyso (12 2]
— S~ m n 1 2 [ep((f + 8)] dl — ¢ d2 —e
— _ dizi| \™ [ dalza| \"
< K m/p ,,—n/p (m+n)/p [ HLI~11 H21e2]
< mgnzo m n lep(o + €)] R ¢

< K Z m~"/P e lep(o + 8)](ern)/p o,

m,n=0

To estimate the right hand side of the above inequality, we proceeded on the
similar lines of proof of Theorem V of Bose and Sharma [1, p 224], and we
obtain

| F (21, 22)| < 0{eleH T+
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Hence
M(ry, 1) < 0{eleto)0T+E

In M(rl, 7'2)

<o+e.
ry 4+

On proceeding to limits, we obtain

In M(rq,r
Jim sup 2L T2)
m,n—00 ry Ty

(2.7)

From (2.6) and (2.7), we get the required result. This completes the proof
of Theorem 2.

3. L? - Approximation

In this section we consider the approximations of an entire function over the
domain D. Consider the polynomials

Pmn(21, 22) = Anzl 25 + . A > 0)
defined through the relation

1 -
A // pm,n<zla 22) pk,l(Zb 22) dx dydrody, = 5m,n,k,z-
D

By applying Carleman’s result [2] independently on z; and 25, we have

n

o1 (21) (1(21))™ 3 (22) (02 (22

(m+1D(n+1)A 4\
pm,n(zh 22) ~ B ))
7
(3.1)
as m,n — oo, uniformly for 2; € E; and 2z, € E,. Any function f € L*(D)
can be expanded in terms of these polynomials as

f(z1,22) Z Z bin.n Dmn (21, 22) (3.2)

m=0 n=0

where
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1 -
b = // f(21,22) Pmn(21, 22) dzidyrdzadys
D

)TV Z
and the series is uniformly convergent on compact subsets of D.
Applying Parseval’s relation of one variable independently on m and n, we
have

o 1/2
EZ, = ( >y ybk,lP) . (3.3)

k=m+1l=n+1

Before going to main results here we state and prove two lemmas which
are more useful in the proof of main theorems. We now prove

Lemma 1. ( ) ( )
In(m™n™ In(m™n™
li —= =1 _— 3.4
minrot — 10 [yl mnre — (B2, ,) 34
Proof. From (3.3), we have
|bm+1,n+1‘ S Egn,na
= —In |bm+1,n+1| > = ln(ngL,n>‘
Proceeding to limits, we have
_ In(m™n"™) _ In(m™n™)
1 — <1 ST 3.5
TSP n(E,) e T, (3:5)
Conversely, let
1 may,n
lim sup M =0.

m,n—o00 ln ‘bm,nl B

Suppose 0 < co. Then for each € > 0, 4 M, N such that for all m > M,
and n > N, we have

m n
b < K m”ote n”ote

so that
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(Emn)’
oo oo o w 0o oo o o
< KZ Zko+slo+s§KZ Z(erl) ote (n+ 1) o+
k=m+1 Il=n+1 k=m+1 l=n+1

2(m+1) _2(nt1) 1

< K(m+1) ot (n41)" ot

2(m+1) _2(n+1)

< O)K(m+1)" "5 (n+1) "o

Therefore

_ (n+1)

B2 < (m+1)" %5 (n+1) o

m,n —

= —In(E;,) > In((m + D)™ ((n 4+ 1)").

o+ée

Proceeding to limits and since ¢ is arbitrary, therefore we have

’ In(m™n™) S In(m™n")
o = limsup ——=~ 1msup — :
m7n4)00p —In |bm,n| - m,n%oop — ln(Ean,n)

(3.6)

From (3.5) and (3.6), we obtain the required result. This completes the
proof of Lemma, 1.

Next we prove

Lemma 2. For any p > 0,

py 1/(m+n)
lim sup 1 {mmnn ( ’bm,n‘>p}1/(m+n) = limsup 1 m™n'" E,%m .
m,n—oo €0 dandg m,n—oo €p dindg

Proof. From (3.3), we have

(|bm+1,n+1|)p < (E’rzn,n)p‘

Since dy,ds > 0, therefore for all m,n > 0, we have

-1
S [ S—
m—+1 2/(c+e) n4+1 2/(o+e)
( )
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Pomsinial\* o ( Emn )"
dy*d = \drds
D py 1/(m+n) 2 oY 1/(m+n)
= m, n m,n < " n
{m ! (d&”d&) } =\ (dg”dg)
2L myn (bl \ L i{ m n<Ea,n)p}1/(m+n>
or ep {m " (dindél) } < ep mn dmdy .

Proceeding to limits, we have

imavw e (Gl ) < o ()

(3.8)

Conversely, let

limsup [\
11m sup — mmn" = 0.
m,n—>o£) ep di*dy

Suppose ¢ < oco. Then for each ¢ > 0, 3 M(e), N(¢) such that for all
m > M and n > N, we have

bmn| < {(ep(o +2)™" m~m =} dpdy

so that

2/
(B2, ) <K Z Z {6,00+5 )t k”“l’l} " B

k=m+1Il=n+1

2/p
< K{(ep(0+€))(m+l)+(n+l) (s + 1)_(5+1)} d?(m-&-l) dz(n-i-l)

2/p
<O()K {<€p(0+6))(m+1)+(n+1) (s + 1)—(s+1)} d?(m-ﬁ-l) dg(nﬂ)

for m > 4d} e p (0 +¢) and n > 4d5 e p (0 + ),
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2/p]t
where (s+1)"6t) = (m4+1)"m) (n4-1)~0+D | X = [1 — (%) } ,

2/p] !
and Xy = [1 — (%) } . Therefore

/p

1
E%, < O()K {(ep(o-+€))(m+l)+(n+l) (8+1)—(s+1)} 4 gl

Proceeding to limits, we have

1 B py 1/(m+n) 1 2 py 1/ (m+n)
o = limsup — { m™n" UL > limsup — < m™n" mn .
mn_soe € { (d?da) } = e 9 dydg

(3.9)

From (3.8) and (3.9), we get the required result. This completes the proof
of Lemma 2.

4. Main Results

Now we prove

Theorem 3. Let 2 < p < oo. Then f is restriction to the domain D of
an entire function of finite order p if and only if

. In(m™n™)
1 Bl S A 4.1
sy —In(Ehn) (4.1)

Proof. We prove the result in two steps. First we consider the case p = 2. Let
us assume that f is an entire function having finite order p. Then by Theorem
1, we have

|| < K m e n et

Now, by considering the property of orthonormality of polynomials p,, , (21, 22),
we have

o0 o 1
by = Z Z a1 Z//DFk,l(21,Z2)pm,n(21722) dz dy1dxadys.

k=m+1 l=n+1
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Hence

mnl Z Z |akl| maX |Fkl(21722)|

k=m+1 l=n+1

Since, by (1.5), we have

max |Fj(z1,2)] < K(1+¢)*0

21,22€l

on substituting all these values the above inequality becomes,

|bm,n| <K Z Z k‘fﬁ l*ﬁ(l_l_g)(k-&-l)

k=m+1 l=n+1
< Km™ otz n7ote (1 4 )t
for all sufficiently large m and n. Therefore, we have

1
(p+e)

Proceeding to limits and since € is arbitrary, we obtain

—In by, >

In(m™n").

. In(m™n") _
1 4.2
o I, 2
Conversely, let
1 map,n
lim sup M =0.

m,n—oo ln ‘bm,nl

Suppose 0 < co. Then for each e > 0, 3 L(¢), Z(¢) such that for all m > L
and n > Z, we have

m n
b < K m”ote n”ote,

From (3.1), we have

[P (21:20)] < K (m41)72 (04 1) |0y (21) o (20" |0 (22) |02 (22) "

and for all z; € E; and z, € E,, we have
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p1(21)] < K, |pa(ze)| < K

where K', K~ are fixed positive constants, and

|22

d2—€

|21]
d1 — &
for all zq, zo with sufficiently large modulus. Hence

lp1(21)| < s Jp2(22)] <

= — —m_n 1/2 1/2 |21 " | 22| "
P 2)l S K3 D moren e m ) B ) (dl—e) (dQ—a

e I ‘Zl‘ " ’Z2| "
<K o+42e o+2¢e .
<KD w0 ) (G

To estimate the right hand side of above inequality, following the method
used in Theorem 1, we have

2r o+2¢ 2r o+2¢
M) < > 43+ 3+ Y +ofe@ ) pofela Ty
1 2 3 4

<0 {6(‘712:—15)U+26+(d2;_25)6+25} < 0 {6(((11_4;)1&21_6))0+2E} |

Now by applying limits, we obtain

Inln M(rq,73)

= lim su 4.3
P e () (43)
From (4.2) and (4.3), we have
In(m™n™)
li — = ).
By applying Lemma 1, we have
In(m™n"™)
li = p. 4.4
P Tz, -

Now we consider the case for p > 2. Since
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Enn < B, < Eny, for2 <p< oo, (4.5)
it is sufficient to consider the case p = co. Suppose f is an entire function of

order p. Then

m n

E, < max |f(z1,2) — Zzak,l Fio(21, 22)

21,22€l
12 k=0 1=0

m (o)
Z Z |ag,| Zmax | Fro (21, 22)| + Z Z|akl| Zmax | F (21, 22)|
k=0

k=m+1 1=0

£ Jawdl ma B ) (46)

k=m+1 I=n+1

The first two summations in the above inequality (4.6) are bounded. It is
sufficient to estimate the last summation. Since f is an entire function of finite
order p, therefore by Theorem 1, we have

lamn| <K m~ Pten 7+ and max |Fri(z1,22)] < (1+¢e)kt.
z1,22€l

Therefore the above inequality (4.6) becomes,

EX, < i i kel (14 )kt

k=m+1 l=n+1

(14 2)rre\ F0e) (1 4 e Vio+)
S K Z Z + 5 ( + 8)
m + T m+1 n—+1

k=m+1 l=n+1

((1+5)p+s>m/(p+a) ((1+€)p+s>n/(p+a)
<K|——F— A

m n

N In(m™n™) In(m™n™)
—In(Eg,) — [1/(p+e)n(mmn*) —In K — (m+n)In(1 +¢)

Proceeding to limits and since ¢ is arbitrary, we have

I In(m™n™)
msup ——————~
m,n—)og) - ln(E?,in) B
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In view of inequalities(4.5) and the fact that (4.1) holds for p = 2, this
last inequality actually is an equality. Finally assuming (4.1) with p = oo, we
deduce from (4.5), that (4.1) will hold for p = 2 and hence that f is of order
p. This completes the proof of Theorem 3.

Theorem 4. Let 2 < p < oo . Then f is restriction to the domain D of an
entire function having finite order p of type 7 if and only if

Ep P m—+n
limsup ¢ m™n" | —2~ = epT. (4.7)

Proof. We prove the theorem in two steps. First we consider the case p = 2.
Let us assume that f is an entire function having finite order p and finite type
7. Then by Theorem 2, we have

|| < Km0 n= (/0 g g (ep(r 4 ¢)) /e,

Now proceeding on the lines of Theorem 3, we have

| < K Z Z =) =R gk gl (ep(r + €))FHD/P(1 4 g)(k+D

k=m+1 l=n+1

< Km~m/p) p=(/p) dm d? (ep(T + 8))(m+n)/p(1 + 8)(Wrn)

for all sufficiently large m and n. Therefore, we have

M0 |bnl® < K (A7 d3)” (ep(T + €)™,

By applying limits, we have

: m,n |bm TL| S
limsup ¢ m™n" | —— < epr. (4.8)

Conversely ,let

lim sup { o (|bm,n|>')}ml+n
1m sup — m n = 0.
m,n—)og ep di*dy
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Suppose ¢ < oo. Then for each ¢ > 0, 3 H(e),G(e) such that for all

m > H and n > G, we have

| < L= /0) n=@/0) qran (op(o 4 £))mtm/e,

For sufficiently large ry, 1o,
| f(21, 22))]

LZ Z g—(g/p) dmdy (ep(o +5>)(m+n)/p(8 + 1)1/2 <

m=0 n=0

IN

|21

dl—E

o0 o0 d . d i
< LY Y g9 (ep(o + 2e)) e < dll |il<|€) (d; |j2|€>

m=0 n=0

< L Z Z g—(g/p) (ep(o + 26)>(m+n)/p Py

m=0 n=0

)

2] \"
d2 — &

where g=9/?) = m=(m/P) n=(/P) and (s + 1)Y2 = (m + 1)Y2(n + 1)Y/2. To
estimate the right hand side of above inequality we follow the same method
as of Bose and Sharma [1, Theorem V, p 224], and we obtain

|f(21,22)] < O{e("ﬁ)(r’fﬂé’)}

Hence

M(ry,1m5) < 0{elrt0T+5)Y,
Now by applying limits, we have
In M
7 = limsup W <o
rira—oo  T1 T T3

From (4.8) and (4.9), we have

li m, n |bm,n| e
11m su m n —_ = epPT.
oD drdy P

By applying above Lemma 2, we have

E2 P ) m+n
lim sup { m™n" o = epT.
oot <de3> ’

(4.9)
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Now we consider the case for p > 2. From (4.5), it is sufficient to consider
the case p = oo. Suppose f is an entire function having finite order p and of
type 7. Then from (4.6), the first two summations of the above inequality are
bounded. It is sufficient to estimate the last summation. Since f is an entire
function of finite type 7, therefore by Theorem 2, we have

(| < K =P =0 @ (ep(r + )) .

By using above inequality and from (4.6), we have

Ex, <K Y > kWU apd (ep(r 4 ) (14 g)kH

k=m+1 l=n+1

— [((1+e) he (1+¢)” e kol k
< AN +1
5 () (222 o

k=m+1 I=n+1

ff((%fgyywp(“+fy)wp%%@@m7+arﬁn

n+1

Fo \ P 1/(m+n)
iQmm(%z)) < (1+2) (ep(r+2))

Hence lim sup {mmn" <5j’3’;>p}m < epr.
m,n—00 172
In view of inequalities(4.5) and the fact that (4.7) holds for p = 2, this
last inequality actually is an equality. Finally assuming (4.7) with p = oo, we
deduce from (4.5), that (4.7) will hold for p = 2 and hence that f is of type
7. This completes the proof of Theorem 4.
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