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Abstract

For a,v > 0, sufficient conditions are obtained that ensure the nor-
malized analytic functions f satisfying a differential inequality

f(2)

(1= a+2) 2 (@ 2)f/(5) +72(2) — 1) < A

to be starlike of order 8 in the open unit disc. As an application, we
construct new starlike function f of order 8 which can be expressed in
terms of double integral

f(z) = /01 /Olg(r, s, z)drds,

of some suitable analytic function in the open unit disc.

Keywords and Phrases: Differential subordination, Starlike function, Con-
vex function.

1. Introduction

Let H denotes the class of all analytic functions f defined in the open unit
disc E = {z : |z| < 1}. For a positive integer n and a € C(Complex plane),
define the classes of functions:

Hla,n| ={f e H: f(2) =a+apz" + ap 12" +---},
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Ay ={feH: f(2) =24 a1 2" + appoz™ 2+ -},

with A; = A. Let B, denote the class of all analytic functions w, such that
w(0) =0 and |w(z)| < |z|™ Further, denote by S the subclass of A consisting
of univalent functions in £. A function f € A is said to be starlike of order 3

in F iff it satisfies 72)
z2f'(z
%(f(z))>ﬁ’ z € F, (1.1)
for some (0 < 8 < 1). We denote by S*(f) the subclass of A consisting of
all functions f which are starlike of order 3. Set S*(0) = S*, where S* is the
well-known class of normalized analytic functions starlike with respect to the
origin.

Let the functions f and ¢ be analytic in £/. We say that f is subordinate
to g (in symbols, f(z) < g(z)) in E, if there exists a Schwarz function w an-
alytic in £ with w(0) = 0 and |w(z)| < 1, such that f(z) = g(w(z)). If the
function ¢ is univalent in F, then f(z) < g(z) is equivalent to f(0) = g(0) and
f(E) Cg(E).

In 2003, Fournier et. al. [2] investigated some differential inequalities
which imply starlikeness. The study of such differential inequalities has been
a constant theme of geometric function theory. In a recent paper, Miller
and Mocanu [4] extended some of the results of Fournier et. al [2] and also
investigated starlikeness properties of functions f defined by double integral

operators of the form
1 1
f(z):/ / W (r,s, z)drds.
0o Jo

In a very recent paper, R. M. Ali et al [1] discussed the starlikeness of a
linear integral transform over functions f in the class Ws(a, )

f(2)

{fEA:ngSeRRReW ((1—a+2’y)z+(a—2fy)f'(z)+vzf”(z)—ﬁ) >0,Z€E}.

(1.2)
Motivated by the definition of the class Ws(c, v), the aim of the present paper
is to present a new differential inequality which generates starlike function of
order 5. As an application of this inequality, we construct new starlike func-
tion of order § which can be expressed in terms of double integrals of some
suitable function in the class H.
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2. Preliminaries

We follow the notations used in [1]. Let g > 0 and v > 0 satisfy
w+v=a—vy and uv=-r. (2.1)

When o = 1+ 27, (2.1) yields p +v =1+ pv, or (u—1)(1 —v) =0. In
particular, for v > 0, choosing = 1 gives v = 7.
We shall also need the following lemma to prove our results.

Lemma 2.1. ([3], p.71) Let h be a convex function with h(0) = a and let
R(y) > 0. If p € H[a,n] and

2p/(2) -
p(z) + S < h(z) in E
then
p(2) < q(z) < W(z) in E,
where

o(z) = 2 / T he .

nz7/” 0

This result is sharp.

3. Main Results

Theorem 3.1. Let ju, v satisfy (2.1) such that u > 0 and v > ﬁ O<p<1).
If f € A, satisfies

19 4 a2 ) +rer) -1

_ ()1 )1 = §) - 2)
vin+1-—7) ’

(1—a+2y)

for z € E, then f € S*(p).

Proof. The differential inequality (3.1) can be written as follows:

f(z) (I+np)(1+nv)(v(l—p) — 2)2
z vin+1—0) '

(1—a+2y) +Ha=27)f"(2)+vzf"(z) < 1+

(3.2)
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If we set

o) = -0 upe),

= 1+ (1+nv)apg 2"+,
then p € H[1,n] and the subordination (3.2) becomes

(1+np)(1+nv)(v(l—p)—2)
vin+1—7)

p(z) +p2p'(z) < 1+ z = h(z) (say). (3.3)

It can be easily seen that h is convex and h(0) = p(0). So, applying Lemma
2.1 (with v = 1/u), we obtain

1 2
p@%<a;ﬁiécwlmoﬂ,zeE

Equivalently
(1-— V)@ +vfi(z) <1+ (1+ Z?T)L(_T_(i : g)) — 2)2, z€E. (3.4)
Now, if we set
Q(Z>:@:1+an+1zn+“' )

then ¢ € H[1,n] and the subordination (3.4) leads to

(L+m)(v(1=5)=2)

q(z) +vzd'(z) < 1+ S t1=F)

= hi(z) (say).

The function h; satisfies the conditions of Lemma 2.1. Thus, we obtain

1) 1 (-5 -2

- :ﬂ@<anwAtw1m@ﬁ:1+ym+1_mz (3.5)
It follows from the subordination (3.4) that
) (1 + ) (v (1 = B) —2)
(1—1/)7+1/f(z)‘ < 1+ Sn+1=p)

v(n+1-p)
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while from the subordination (3.5), we have

f(2) (v1-B)—2)  nw+2
‘7 > 1= vin+1-8) vin+1-p4) ze b (3.7)
Combining these last two inequalities, we see that
nv + 2 z2f'(z) 1 1] f(2)
vt 1-8) | f() (1_5)' S ”f(z)“l_”)T'
1 {(nwz)(v(l ) - 1>}
v vin+1-=7) ’
which simplifies to
z2f'(2) 1 1
o~ (=2)l<(=i-9) .
Thus
2f'(2) 1 1 B
() (=3)-(--0)-0 oo
which implies that f is starlike of order  in F. O

Taking & = 1 4+ 2y (u = 1,v = ) in Theorem 3.1 leads to the following
result:

Corollary 3.1. Let f € A, and v be a real number such that v > ﬁ (0 <

B <1). If [ satisfies

(n+ 1)(1+nv)(v(l—p5)—2)
vin+1-—7) ’

If'(z) +vzf'(z) — 1] < (3.10)

for z € E, then f € S*(B).

If we make v — oo in Corollary 3.1, we obtain the following criterion for
starlikeness :

Corollary 3.2. Let f € A, and 0 < B < 1. If f satisfies

n(n+ 1)1 - p5)

) <

for z € E, then f € S*(f).

(3.11)
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Remark 3.1. We note that 5 =0 and n =1 in Corollary 3.2 leads us to the
well known result of Obradovic [5].

Substituting n = 1 and 8 = 0 in Corollary 3.1 yields the following inter-
esting criterion for starlikeness.

Corollary 3.3. Let f € A and v be a real number such that v > 2. If f
satisfies

1
')+ (1) - 1) <

o (0= (20)

Remark 3.2. Corollary 3.3 is a particular case of the Theorem 1.7 in [6] with
a=1¢eR.

(1+v)(v—2)

: (3.12)

for z € E, then

e feS*.

We now present the following example in support of Theorem 3.1.

Example 3.1. Consider the function

f2) =2+ (WA =p)=2)/v(n+1-p8))""", 0< B <L

Now,
(a2 s @) s -
_ i-8)-2)
= [(I1—a+2y)+(n+1)(a—27)+n(n+1)y) ST 17 z
_ 1-8) -2 .
Sl R R et [
v1-5) -2

< (14 np)(l+nv)

vin+1-=75) "

Thus, f satisfies the criterion of Theorem 3.1. Further, for p > 0 and v > ﬁ
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as defined in (2.1), we have

, _ 1+ ((n+ 11 —=8)—2)2"/v(n+1-p))
R{zF ()} = %{ L1 (1= B) =2 /vn+ 1= B) }
y {1—((n+1)<u(1—ﬁ>—2)/v<n+1—5>>}
1—((v(1=B)—2)/v(n+1-p))
_ {nyﬁ+2n+2}
nv—+ 2

> [
Theorem 3.2. Let a function g € H satisfy
(L+np)(d +nv)(v(1 —B) —2)
vin+1-—p)

for some > 0 and v > ﬁ as defined in (2.1) and 0 < 5 < 1. Then the
function f given by

l9(2)] < : (3.13)

n+1 1 1
f(z) =7+ z / / g(’I“SZ)Tn—H/’u_lSn+1/V_1deS (314)
rv-Jo Jo

1s starlike of order 5 in E.

Proof. We first consider the function f € A, satisfying the differential equa-
tion

f(2)

(1—a+2)E2 +(@=2)f () +92f"(z) — 1= 2"g(z).  (3.15)

In view of (3.13), we have

(1-a+29? 40— 3)p() +92(0) 1| = 2Plg(e)
(1 m)(1+ n) (1~ )~ 2)
< St 1—3) , z€Fk.

By Theorem 3.1, we see that the solution of differential equation (3.15) must
be a starlike function of order 5. Further, to obtain the solution, let ¢(z) =
(1-— u)@ + v f'(z) € H|[1,n], then the equation (3.15) simplifies to

pz'(2) +p(z) = 1 = 2"g(2).
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On integration, we get

Ve " SEVMR TR S b1
p(z) =1+ /OQ(C)C d¢ 1+MZ / g(rz)r dr.

Zl/ﬂ 0

Thus,

— v & v /Z — lzn ' rz Tn+1/#_1 r
(=== +vfz) =1+ /Og() dr. (3.16)

Further, setting ¢(z) = £ (ZZ) € H[1,n], the differential equation (3.16) reduces
to

v () 40 = 14 L [ graprriitar
- K 0 g '

A simple calculation gives

0@ =1+ 28 [ [ atemnmiar) o
0 0

Since, 1(z) = f(z)/z and a change of variable yields that

Zn+1 1 1
flz)=z2+ / / g(rsz)rm T/ n=tgntl/v=1gr s,
ry-Jo Jo
This completes the proof of the theorem. n

As an illustration of Theorem 3.2, we give the following example.

(L)L) (1 =8)=2) (o
v+ 1—F)

1), satisfies the criteria of the Theorem 3.2. An Application of the theorem

yields

Example 3.2. The function g(z) =

(v =B8) —2)
ZCES I

which is starlike of order 3, as shown in the Fxample 3.1.

f(z) =

Further, taking n = 1 and « = 14 2y (u = 1,v = ) in Theorem 3.2, we
have the following :
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Corollary 3.4. Let a function g € H satisfy

2(1+v)(v(1 - B) — 2)
v(2—P)

for some v > ﬁ and 0 < 8 < 1. Then the function [ given by

f(2) _z+z( // rsz rs/drds> (3.18)

is starlike of order 8 in E.

9(2)| < : (3.17)
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