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1. Introduction

In the theory of error correcting codes, burst errors have played a dominant
role amongst the several kinds of errors (refer Abramson (1959), Fire (1959)).
A burst of length b is defined as follows:

Definition 1. A burst of length b is a vector whose only non-zero components
are among some b consecutive components, the first and the last of which are
non-zero.

It was observed by Chien and Tang (1965) that in many channels errors
occur in the form of a burst but do not occur towards the end digits of the
burst. They modified the definition as follows:

Definition 2. A burst of length b is a vector whose only non-zero components
are confined to some b consecutive positions, the first of which is non-zero.

There are cetain channels viz. studied by Alexander, Gryb and Nast (1960)
which deals with such bursts commonly known as CT bursts.

A further modification to this definition was made by Dass (1980) which
is useful for channels not producing errors near the end of a code word and is
as follows:

Definition 3. A burst of length b(fixed) is an n-tuple whose only non-zero
components are confined to b consecutive positions, the first of which is non-
zero and the number of its starting positions in an n-tuple is the first n —b+1
positions.

In situations like lightning or other similar disturbances which introduce
burst errors usually operate in a way that, over a given length, some digits are
received correctly while others get corrupted i.e. errors occur in the form of
low-density bursts. The study of low-density bursts was initiated by Wyner
(1963). Further study on low-density burst error correcting codes has been
made by Sharma and Dass (1974), Dass (1975), Dass (1983) and others.

As has been observed that in very busy communication channels errors
repeat themselves, Dass and Garg (2009) studied 2-repeated burst errors of
length b(fixed) and this concept was generalized for m-repeated bursts of length
b(fixed) by Dass, Garg and Zannetti (2008a). Further results have also been
obtained by Dass, Garg and Zannetti (2008b).

Different situations demand development of codes which correct those er-
rors that are repeated burst errors of specified length, i.e., repeated low-density
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burst errors of length b(fixed) with weight w or less. Such 2-repeated low-
density burst errors and also the general case of m-repeated bursts have been
studied by Dass and Garg (2011). An m-repeated low-density burst of length
b(fixed) with weight w or less (w < b) has been defined as follows:

Definition 4. An m-repeated low-density burst of length b(fixed) with weight
w or less is an n-tuple whose only non-zero components are confined to m
distinct sets of b consecutive positions, the first component of each set is non-
zero where each set can have at the most w non-zero components (w < b), and
the number of its starting positions in an n-tuple is among the first n —mb+1
positions.

In particular, 2-repeated low-density burst error of length b(fixed) with
weight w or less becomes as follows:

Definition 5. A 2-repeated low-density burst of length b(fixed) with weight
w or less is an n-tuple whose only non-zero components are confined to two
distinct sets of b consecutive positions, the first component of each set is non-
zero where each set can have at the most w non-zero components (w < b), and
the number of its starting positions in an n-tuple is among the first n —2b+ 1
positions.

It may be noted that according to Definition 5, when the first low-density
burst of length b(fixed) with weight w or less starts from the first position of
the vector then the second low-density burst of length b(fixed) with weight
w or less is in the last n — b components. When the first low-density burst
of length b(fixed) with weight w or less starts from the second position of
the vector then the second low-density burst of length b(fixed) with weight w
or less will be in the last n — b — 1 components. In general, when the first
low-density burst of length b(fixed) with weight w or less starts from the i-th
position, then the second low-density burst of length b(fixed) with weight w
or less will be in the remaining last (n — b — ¢ + 1) components where ¢ can
take the values from 1 to n — 2b-+ 1 since the starting positions are among the
first n —2b+ 1 components. Further, in the last 2b — 1 components only single
low-density burst of length b(fixed) with weight w or less can exist, with the
starting positions to be atmost upto n — b+ 1.

Lower bound for the correction of m-repeated low-density bursts of length
b(fixed) with weight w or less (w < b) has been obtained by Dass and Garg
(2012). In the same paper, an upper bound for codes which can detect such
errors has also been obtained.
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This paper has been organized as follows:

In section 2, an upper bound for the existence of linear codes that can
correct any 2-repeated low-density burst errors of length b(fixed) with weight
w or less is given. The paper concludes with an illustration of such a code.

In what follows a linear code will be considered as a subspace of the space of
all n-tuples over GF(q). The distance between two vectors shall be considered

in the Hamming sense.

2. Bound for codes correcting 2-repeated low-
density burst errors

In this section, we derive an upper bound on the number of parity-check dig-
its that assures the existence of a code capable of correcting 2-repeated low-
density burst errors of length b(fixed) with weight w or less. The proof involves
a technique given by Dass (1983) which is a suitable modification of the tech-
nique used by Sacks (1958) in establishing the well-known Varsharmov-Gilbert
bound. Before deriving the main result, we state below a result obtained by

Dass and Garg (2012, Theorem 1) to be used.

Result. An (n, k) linear code over GF(q) that corrects m-repeated low-density

bursts of length b(fixed) with weight w or less (w < b) must satisfy:

=) (n S Z) (¢ —1)'[L+ (g — DO,

- 1
=0

e (1421 =14 ()t ()7 (7)o
r

We now derive the following theorem:
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Theorem 1. Given positive integers w and b such that w < b, there exists an
(n, k) linear code that corrects all 2-repeated low-density burst errors of length
b(fixed) (n > 4b) with weight w or less provided that

¢ > (L (g - D)TheTY)

1
x{ 23: (n — (i —|— )b+ z) (g —1)[1 + (g — 1)]ib=1w-D

=0
n—4b+1 b—1
+ { Z{Ll(b7k25r4)r5vlr6)
=1 ko=1
x{(n—4b+ky —i+2)(g—1)[1+ (¢ — 1)]“’—17”—”}}}

b—1

4 Z { Z {Ll(b,kQ,r47T57T6)

i=n—4b+14ksg ko=ks
1<kgz<b—1

Al 40+ by = 2)g — D1+ (- D] )

+n§+l {(la=nn+a=pe-en)

b—1

x{(n—4b—i+2) Z Li(b, ka,74,75,76)

ko=1

b—1

+ > L1(b,k2,7”4,7”5,7“6)}}

ko=k3
1<kz<b—1

+{((q S (g 1)) Ly(b. kv rasrs, r6>}

b—1 b—1
+(n—3b—|— 1) Z Ll(b,kQ,T‘4,7‘5,7‘6)+ Z Ll(b,kg,r4,r5,r6)

ko=1 ko=ky
1<kg<b—1
+(n—4b+3) Z L3(b, ks, ke, 7,78,79, 710, T11)
ks5,kg

1<kg<b—1
1<ks <b—kg

+ Z L3(b, ks, ke, 7,78,79,710,711)
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+ Z L3(ba k5,k6,7"7,7’8,7’9,7’10,7’11)}

i1,ks ke

1<iy <b—2

1<kg<b—1
i1+1<k5<b—kg

. bi {L(b,kl,n,?‘%m){ 22: <n— (2+i)?+ (ka +i)>

ki=1 i=0
x(qg—1)" 14 (g — DO Y 4 (n —db+ ky + 1)
b1 b1
X ZLl(b,k2,T4,T5,7‘6)+ Z L1(b,/€2,7‘4,7”5,7”6)}}
ko=1 ko=k3
1<kg<b—1

+ Z Lo(b, ks, ke, m7,78,79,710,711)

ks5,kg
1<kg<b—1
1<ks <b—kg

x{1+ (n—4b+ks +ke+1)(g — )[1 + (¢ — 1))~ 1=}
+ Z La(b, ks, ko, k10,712,713, T14, 15, T16, 717, T18)- (1)

kg.,kg.k10
1<k;g<b—1
1<kg<b—k1g
1<kg<b—kg

L4a)™) =1+ (" a+ )22+ + (),
1 2 T
L(b,kl,ﬁ,ﬁﬂ‘:a)

b—ki\ (k1 —1\[(b—Fk —1 ,
— — 1)rrtratrstl
> (T () (R e,

T1,72,73

«Ll(bak27r4ar57rﬁ)

_ Z b— k2 k2 —1 b— k2 -1 (q o 1)7‘4+T5+7‘6+2
T4 s Te 7

T4,75,76

<L2(bak57k67r7ar87r9ar107r11)

B Z (b—k5) (k5—1) <b—k5—k6) <k6—1)
T7,T8,TQ, T? /r8 /r9 7"10

710711

% (b - kﬁ - 1) (q . 1)7‘7+7‘8+7'9+7'10+7'11+2’

11

where
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L3(b7 k5) kﬁ) r7,78,79,710, Tll)

B Z <b—k5> <k5—1> <b—k5—k6> <k6—1>
. 7 T8 9 710

710-711

X <b _ffl_ 1) ((] _ 1)T7+TS+T9+T10+T11+3’

Ly(b, ks, ko, k10,712,713, 714, 715, 7165 717, T18)

B Z <b—k8> <k8—1> <b—k8—k9> <k9—1> <b—k9—k10>
T12 13 T14 T15 16

7125..+,718

% (klo - 1> (b — k10 — 1> (q _ 1)7‘12+7‘13+7‘14+7‘15+7‘16+7“17+7“18+3
7 18

with
0<rm<w—-1,0<r<2w—-20<rs<w-—1,
ro+rg>w—1,r1+1ry+1r3 < 2w — 2,
0<rmy<w—-1,0<r; <2w—-2,0<rg <w-—1,
s +1r6 > w—1,r4+1r5+15 < 20— 2,
0<r <w—-1,0<rg<2w—2,0<rg<w—1,0<1r9<2w—2,
0<rn<w—-—1rpg+rm>w—1,rg+r9g+ryp+ry>2w—2,
r7+ 18+ 19+ 110 + 111 < 3w — 3,
0<rp<w-1,0<r3<2w—-20<ry<w-1,
0<r;<2w—-20<rg<w—-1,0<r7;<2w—-20<rg<w-—1,
ri7+rig > w—1,
r15 + 116 + 17 + 718 = 20 — 2,
T3+ 714 + 715 + 116 + 117 + 118 2> 3w — 3,
T2+ 713+ 714+ 715 + 116 + 117+ r1s < 4w — 4.

Proof. The existence of such a code will be shown by constructing an appro-

priate (n — k) x n parity-check matrix H. Firstly, we construct a matrix H’
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from which the requisite parity-check matrix H shall be obtained by reversing
the order of its columns altogether. Any non-zero (n — k)-tuple is chosen as
the first column h; of H’. Subsequent columns are added to H’ such that
after having selected the first j — 1 columns hq, ho, ..., hj_1, the jth column
h; may be added provided that it is not a linear combination of any w — 1 or
fewer columns from amongst the immediately preceding b — 1 columns and w
or fewer columns from amongst any b consecutive columns from the first j — b
columns, together with any two sets of w or fewer columns, each chosen from
a distinct set of b consecutive columns from amongst all the 7 — 1 columns
(note that b consecutive columns here do not include less than b columns).

In other words, h; may be added provided that

hj 7é ajlhjl + anhj2 +...+ Oéjwflh’jwfl + 67"1 th + B?‘2h7‘2 +...+ /Brwh’f‘w

+Wlh€1 + théz +...F théw + 5p1hp1 + 5p2hp2 +.o..+ 5pwhpw (2)

where the hj,, hj,, ..., hj,_, are any w — 1 columns among h;_—1), hj—(p-2),
..., hj_yand h,, hy, hy, are any w columns each from three sets of b consecutive
columns such that one of the sets of b consecutive columns is amongst the first
7 — b columns, and the other two sets of b consecutive columns are distinct
and from amongst all the j — 1 columns.

It may be noted that either all 3,, v,, 9, are zero or if /3 is the last non-zero

coefficient of the first set of b consecutive columns, then
b<t<j—ba b, V0, are in GF(q). (3)

Also if v, is the last non-zero coefficient of the second set of b consecutive

columns, then

b<t; <j—1. (4)
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The restriction ¢; < j — 1 is obviously satisfied since the selection of the
columns is out of all the 7 — 1 previously chosen columns.

The condition (2) ensures that there would not be a code word which is
expressible as sum or difference of two vectors, each of which is a 2-repeated
low-density burst of length b(fixed) with weight w or less.

To enumerate all possible linear combinations on the R.H.S of (2), there
are as many as 9 different cases to be examined, We analyze these as follows:
Case 1. When h; are selected from hj_yi1, hj_pyo,. .., hj_1 and the h,, hy, hy,
are selected from three distinct sets of b consecutive columns from amongst the

first j — b columns.

Jb b+l Al

In this case, the number of ways in which coefficients a; can be selected is
[1+ (g = ))eteh. (5)

The number of ways in which the f,, 74, d, can be selected is equivalent to
enumerate the number of 3-repeated low-density bursts of length b(fixed) with
weight w or less in a vector of length j — b, which is (refer Theorem 1, Dass

and Garg (2012))

S (VTP gy o e ©)

i
i=0
Therefore, the total number of choices of coefficients in this case is
3, . .
w— ]— 1+1)b+1 i i(b—1.w—
-0 (T -y - oo @
i=0
Case 2. When the h, are selected from h;_gpia, ..., hj_1 such that all the h,

are neither taken from hj_opyo, ..., hj_y nor from hj_yi1,..., hj_1 i.e. the last
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hy is among hj_yi1,...,hj—1. The h, and hy are selected from two distinct sets

of b consecutive columns among the first 7 — 2b+ ki columns, 1 < k; < b—1.

+—>
¢ — >  t— —>

| | | | | | | | |
I I [ I I
F2b 2014k b b1 bR g

In this case, the coefficients 9, are selected from b consecutive components
as w or less non-zero components, which starts from the (j — 2b + 1 + ky)-th
component which may obviously continue upto (j — b + k;)-th component.
We shall first select w — 1 or less non-zero components among (7 — 20+ 1 +
ki,...,j —b+ ky — 1)-th positions, the (j — b+ k1)-th component is non-zero,
together with w —1 or less non-zero components among (5 —b—+1,...,j—1)-th
positions. Now the aim is to select the coefficients 5, and 7, which are w or
less non-zero components each selected from a distinct set of b consecutive
components among the first j — 2b + ky positions, 1 < k; <b— 1.

In order to do so, let us choose r; components from the (j — 2b + k; +
1,...,7—0b)-th positions, ry components from the (j—b+1,...,j—b+k; —1)-
th positions and r3 components from the (j —b+k;+1,...,7—1)-th positions,

where

0<rm<w-1, 0<rm<2w—-2, 0<r3<w-—1. (8)

(j-b+k,)-th component
is non-zero

<
<

T T
720 F2041+k, g-b b1 Gbdk-1 | bk 71

bk,
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Keeping in view the situations considered in case 1, r1, 9, r3 should be such

that
ro+rs > w—1,11 +1r9+13 < 20— 2. 9)

Such a selection of coefficients gives us
Z b—Fki\ [(ki—1\[/b—Fk —1 (g — 1yrrtns
1 T2 T3
T1,72,73
possible linear combinations where 71, ro, r3 each satisfy the constraints stated
in (8) and (9). Also, the (j — b+ k;)-th component can be selected in (¢ — 1)
ways, therefore selection of coefficients give us
b—k ki —1\[(b—Fk —1
Z < 1) < 1 ) < 1 )(q o 1)T1+T2+r3+1 (10)
1 T2 T3
T1,72,T3
choices.

Suppose L(b, k1,71, r2,73) represents the expression in (10) with conditions
in (8) and (9). Now to select (3, and 7y, it is equivalent to enumerate the
number of 2-repeated low-density bursts of length b(fixed) with weight w or
less in a vector of length j —2b+ k1, which gives us (refer Theorem 1 for m =2,

Dass and Garg (2012))

Z <(j —2b+ lfl) —ib+ z) (¢ — 1)I[1 + (g — 1)]iO-1w=D), (11)

1
i=0
Therefore in this case, the total number of choices of coefficients turns out
to be
b—1
> {(expr. (10)) - (expr. (11))}. (12)
k=1
Case 3. When the h, are selected from h;_gpia, ..., hj_1 such that all the h,

are neither taken from hj_opyo, ..., hj_y nor from hj_yi1,...,hj_1, i.e the last
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hy is among hj_p+1, ..., hj—1. The h, and hy are selected together from 2b — 1
or fewer consecutive columns (but from b+ 1 or more) which are taken from

first j — 2b+ ki columns, 1 < k; <b—1.

f non-zero component
non-zero component

4—74 4 — g
_ | | L | |

| | 1 | |
F2b+1 f2b+kAl b jb+l jbtk J1

A

In this case, the coefficients 9, are selected from b consecutive components
as w or less non-zero components, which starts from the (j — 2b + 1 + ky)-th
component which may obviously continue upto (j — b+ k;)-th component. We
shall first select w — 1 or less non-zero components from amongst (j —2b+ 1+
ki,...,j —b+ ky — 1)-th positions, the (j — b+ k1)-th component is non-zero,
together with w — 1 or less non-zero components amongst (j —b+1,...,7—1)-
th positions. Such a selection of coefficients ¢, and «;, following the procedure
as in case 2 gives rise to the number of choices of coefficients , and «; as
L(b, ky,71,72,73) with the constraints stated in (8) and (9). The coefficients
B, and v, are selected following the same procedure as in case 2. The last
non-zero coefficient of 4, can be selected in (¢ — 1) ways, thus such a selection

of coefficients 3, and v, gives us

R (O G I

ko=1174,r5,16

choices,

where 0 <ry<w-—1, 0<r;<2w—2, 0<rg <w-—1. (14)
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Keeping in view the situations considered in cases 1 and 2, r4, 5, r¢ should be

such that
r5+r62w—1,7‘4+r5+r6§2w—2. (15)

Since the selection of 8, and ~, is made among the first (j—2b+%;) components,

therefore such a selection of coefficients (3. and v, gives us

{((j—2b+ k1) —2b+1) - (expr. (13))}

LS S eyl e

ka=k3  1r4,75,r6
1<k3<b—1
(the last non-zero coefficient during the selection of coefficients (3, v, has the
positions (j — 2b + ky,...,2b)-th with 1 < ky < b — 1 and further it has
(2b — ks3)-th position where ks =1,2,...,b — 1 with ky = k3,...,0—1).

‘ F=1, b1 ‘ ‘ k=1 ‘
k=1
+—> —>
+—> +—>
I I ) o ) )
T T L T T
2b J-2b+k, 2b42 j-1
—r —>
4+ —> 4+ —>
I I ) o ) )
T T T L T T
2b J2b+k, 2042 j-1
k=0b-1
< » < >

}
20 ) G204k 2042 1
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‘ 1,1 ‘ ‘ k=1
k=1
—> —>
€+ —> €+ —>
1 1 1 1 1
T T T T T
2b 2042 1
B — —>
+—> +—>
1 1 1 1 1
T T T T T
2h 72042 i1
k=0b-1
€+ —> —>
+—> +—>
} } t t t
20 2642 j1
20-k, components, k=1, k=Fk,...,b-1 b =1
k=1
4 —>r 4 —>
+—> +—>
1 1 1 1 1
T T T T T
20-1 F2b+2 j1
+—> +—>
4 —r 4 —r
1 1 1 1 1
T T T T T
20-1 72042 1
k=b-1
€+ —r 4 —>
4 —r 4 —r
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20-k, components, k=2, k;I:kS,A.A,b-l‘ b =1
k=2
4 —> 4 —>
+—> +—>
1 1 1 1 1
T T T
20-2 F2b+2 j-1
+—> +—>
4 —r 4 —r
1 1 1 1 1
T T T
20-2 72042 J-1
k=b-1
4 —> 4 —>
4 —r 4 —r
1 1 1 1
T T T
20-2 F2b+2 j-1
20-k, components, k=>b-1, k=k,...,b-1 k=1
k=0-1
+—> +—r
+—> +—>r
| Il Il Il
T T T
b+1 2042 j-1
|

Similarly, when k; = 2, the last non-zero coefficient has the positions (j —
2b+2,...,2b) with ky = 1,...,b— 1 and further it has (2b — k3)-th positions
where I{Z3: 1,2,,b—1W1th kQ :kg,...,b—l.

Thus in this case, the total number of choices of coefficients turns out to be

b-1
Z {(L(b7 k17,rl7 T27T3)) ’ (eXpr' (16))} (17)
k=1
- AN [b—ky—1
The expression Z (b k2> <k2 )(b %2 )(q — 1)ratrstret? with
T4 s T'e

T4,75,76

constraints stated in (14) and (15), is denoted with Ly (b, ko, 74,75, 76).
Case 4. When the h, and h, are selected together from 2b — 1 or fewer
columns (but from b+ 1 or more) from amongst the columns hyy1, ..., hj_p i.e.

suppose the columns are selected from h;_sy4 4,41, - - ., hj—p such that all the h,
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are neither taken from h;_gspipy41, ..., hj_9 nor from hj_gpyq, ..., hj_yp, the hy,
are selected from h;_op41,. .., hj—p, the hy are taken from some b consecutive

columns amongst the first j — 3b + ko columns, 1 < ky < b —1.

< » <
< » <

v

»
>

| | | | |
I I I I I

F3bthA1 f2b+1 204k, jb byl 1

A
v
T A

In this case, the number of ways in which the coefficients «; can be se-

lected is
[14 (g — 1))C=1wh, (18)

The coefficients 3, and ¢, are selected as in case 3 which gives us Ly (b, ka, r4, 5, 76).
The coefficients 7, as a single low-density burst of length b(fixed) with weight
w or less is selected from amongst the first j — 3b + ko — ¢ + 1 components,

1 < kg <b—1, irepresents the positions (j —b),..., (20 + 1).

v

<& » <& » <&
<« Lag <« » <«
< »
< »

b+ 1

— I
] b ] ] b+1 ]

2b+1

To enumerate the total number of choices of ~,, 3, and 0, we prove the

following Lemma:

Lemma 1. Li(b, ko, 7r4,75,7¢) denotes the number of ways for the selection of
Br and 6,. The total number of choices of vy, B, and o, with varying starting
position of the first non-zero component when 3, and 6, are selected together
from 2b—1 or fewer components (but from b+1 or more) along with the selec-

tion of v which forms a single low-density burst of length b(fized) with weight
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w or less in the remaining components of the vector of length ny (considering

(7 — b)-th position as the first position) is

n1—3b+1 b—1
Z { Z {Ll(ba kQ,r4,T5,T6)

i=1 ko=1

x{((m —2b4+ky—i+1)=b+1)(¢g—D[1+ (¢ — 1)](b—17w—1>}}}

b—1
+ Z { {Ll(b7 kQ,T4,T5,T6)
k

i=nq—3b+1tks N ko=ks
1<kz<b-1

x{((n —2b+ky —i+1) —b+1)(g— 1)[L + (¢ — 1)]“—1@—1)}}}. (19)

] ] ] ] ] . ] ] ] ] ]
1 1 1 1 1 or

<« > Y, <« >
5 «—> B Y,

Proof of Lemma 1. Consider a vector of length n;. When first non-zero
component during the selection of 3, and 6, selected together from 2b — 1 or
less components (but from b+ 1 or more) is at the first position then the single
low-density burst of length b(fixed) with weight w or less is in the remaining
ny — 2b + ko components, 1 < ky < b — 1. When first non-zero component
is at the i-th position then the single low-density burst is in the remaining
ny — 2b+ ks — 7 + 1 components, where 1 < ¢ < n; — 3b+ 1. The number
for the selection of §, and B, is L1 (b, k2, r4,75,76) as in case 3. The number of
single low-density bursts of length b(fixed) with weight w or less in a vector of

length (ny —2b+ ko —i+1) (not including vector of all zeros) is (Dass (1983))

(ng =20+ ky —i+1) —b+1)(qg— 1)[1+ (¢ — 1)]® =D,
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Summing on ¢, the number of such vectors is

n1—3b+1 b—1
Z { Z{Ll(b7 k27T47r57T6)

=1 ko=1

X {((ng —20+ky—i+1)—b+1)(g— 1)1+ (¢— 1)]<b-1vw-1>}}}. (20)

Also, when ¢ takes the value ny — 3b + 2, ky can take values 1,...,b — 1,
then the single low-density burst of length b(fixed) with weight w or less is in
the remaining ny —2b+ ko — i+ 1, i.e., when ¢ takes the value ny —3b+ ks +1,
1 <k3 <b—1, with k3 < ks < b— 1, then single low-density burst of length

b(fixed) with weight w or less is in the remaining n; —2b+ ko —i+1 components.

k=1
+—> —>
+—>
] ] )
t t —t
i
n,-20+k,-i4-1
+—> +—>
+—>
: : H
i
n-20+k,-i4-1
k=0b-1
—> —>
+—>

n-20+k,-i4-1
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=30+ kA1, k=1, k=F,...,.b-1

b=l
< > < >
} } H
i=n,-30+2 b
e |
—> +—>
+—>
} } H
i=n,-30+2
k,=b-1 R
< > < >
! L
T T T
i=n,-30+2
i=n-3b+k+1, k=2, k=Fk,,...,b-1
£
< > < >
! 11
T LI
i=n,-3b+3 )
e |
+—> +—>
—>
} H
i=n,-3b+3
k=b-1
—> +—>
+—>

i=n,-30+3
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i=n-3b+k+1, k=b1, k=F,...,b-1

k,=0-1
< > < >
| 1
T T
=n-2b b
i

Therefore, further summing on 7 we get

> A

i=nq—3b+kz+1
1<kgz<b-1

x{((m —2b+ky—i+1)—b+1)(g— D1+ (¢— 1)]“—1@—1)}}}. (21)

b—1

{Ll (b7 k27 T4, T5, Tﬁ)
k

ko=ks

Thus, the total number of such vectors is
(22)

(expr. (20)) + (expr. (21))

which completes the proof of Lemma 1.
Now, total number of choices of coefficients 3,7, and J, in a vector of

length j — b turns out to be (using Lemma 1)

b—1
Z{Ll (ba kQa T4, 75, TG)

XKU—30+@—¢+1»—U+Dw—lﬂb+m—1%“““””}

D Y

i=(j—b)—3b+1+k3 ~ ko=ks

(j—b)—3b+1 {
i=1

b—1

{Ll (b7 k?? T4,75, Tﬁ)
k

1<kgz<b-1

x KU—%+b—H4%w+U@—UH+@—NWW”H} (23)

Therefore, the number of choices of all the coefficients is
(24)

(expr. (18)) - (expr. (23)).
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Case 5. When the h, and h, are selected together from 2b — 1 or fewer
columns (but from b+ 1 or more) from amongst the columns hy, ..., hj_o,
i.e, suppose the columns are selected from hj_spipy+1,--.,hj—2 Such that all
h, are neither taken from hj_apiros1, - .-, hj—sp nor from hj_spiq, ..., hj_op, the
columns hy are selected from hj_spy1, ..., hj_9 and the columns h, are selected

from hj—2b+17 .. whj—b; (1 S ]{32 S b— 1)

< »
< >

< > —> < >
|
I

FAb+1+k, 53b F30+1  F3b+k, 52b 2b0+1 Fbg-b+1 51

In this case, the number of ways in which the coefficients «; can be se-

lected is
[14 (g — 1))C=1wh, (25)

The coefficients [, and v, are selected as in case 3 which gives us Li (b, ks, r4,75,76).
To enumerate the total number of choices of the coefficients 9, along with 3,

and v, we prove the following Lemma 2.

Lemma 2. Li(b, ka,74,75,76) denotes the number as in case 3 for the selection
of By and ~y,. The number of vectors with varying starting position of 6, which
forms single low-density burst of length b(fized) with weight w or less (consider
the position (j — b)-th as the first position) along with the selection of 5, and

ve together from 2b — 1 or fewer components (but from b+ 1 or more) in the
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remaining components of the vector of length nq, is

n1—3b+1

Z {((q —1[1+(¢— 1)](b—1,w—1))
X{((nl —b-it1)—20+1) X_: Ly(b, ko, 74, 75,76)

b—1
+ Z Ll(b7 kQ,T4,T5,T6)}}

ko=k3
1<k3<b—1
b—1
+{((q_ 1)[1 -+ (q— 1)](b—1,w—1)) Z Ll(b, k2,7‘4,7"5,7’6)}.(26)
(SRt
5, < >

A
A\ 4
T A
v

Proof of Lemma 2. Consider a vector of length n;. When the first non-zero
component of 9, is at the first position then the selection of 3, and ~, is made
(together from 2b — 1 or fewer but from b + 1 or more components) from the
remaining n; — b components. When the first non-zero component of d, is at
the i-th position then the selection of 3, and 7, together is made from the
remaining nqy — b — ¢+ 1 components, 1 <7 <n; —3b+ 1.

Summing on ¢, the number of such vectors is

ni—3b+1

Z {((q — D1+ (¢ — 1)](b—1,w—1))
X{((nl —b—i+1)—2b+1) z_: Ly(b, ko, ra,75,76)
+ X_: Ly (b, k2,7‘4,r5,7‘6)}}. o
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Further, when ¢ takes the value ny; — 3b+ 2, the selection of /3. and ~, is made
from the remaining ny — b — (ny — 3b+ 2) + 1 i.e., 2b — 1 components, ko can
take the values as 1,...,b — 1, i.e., when ¢ takes the value n; — 3b + k4 + 1,
1 < k4 < b—1, selection of g, and 7, is made from the remaining ny —b—i+1,

ko can take the values as ky,...,b— 1.

i=n-3b+1

1=n,-3b+1

i=n-3b+1
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k2_17" 7b_1
k=1
-«
G
1 11
T LI
—=n,-3b+2
et . 2b-1 .
-«
I‘ VI I‘ 4
T LI
1=n,-3b+2
k=b-1
—

T T
=n,-30+2

L1
T T
i=n,-3b0+3
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=n-2b
b1
Therefore, further summing on 7 we get
b—1
)SINR (CERURAVERNEE D DAY SIAAY
i=nq—3b+1+ky ko=k4

1<ky<b—1

i.e.

{<<q SO D) Y Lk s >} (28)

ko=ky
1<ky<b—1

Thus, total number of such vectors is
(expr. (27)) + (expr. (28)) (29)

which completes the proof of the Lemma 2.

Now, the number of choices of coefficients 3,, v, and J, in a vector of length
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J — b is obtained by replacing ny by j — b in expression (29) giving rise to

(j—b)—3b+1

> {ta= i+ g
i=1
b—1
X{((] —2b—1 + 1) - 2b+ 1) Z Ll(ba kQ,T4,T5,T6)
ko=1
b—1
+ Z Ly (b, kf2>7"4,7“5>7"6)}}
ko=kg
1<kg<b—1

+{«q—1n1+<q—1ﬂw4@*h

X Z Ll(ba k27/r4ar57/r6)}' (30)

ko=Fky
1<ky<b—1

Therefore, the total number of choices of all the coefficients is
(expr. (25)) - (expr. (30)). (31)

Case 6. When the h, and h, are selected together from 2b—1 or fewer columns
(but from b+ 1 or more) from amongst the columns hy, ..., h;_y i.e. suppose
the h, and hy are selected from h;_syt14ksy, - -, hj—p, the hy are selected from
hj_opi1, ..., hj_y and the h, are selected from hj_spi14ky, - - -5 Nj—obtk, Such that
all the h, are neither from hj_spi14ky, - - -5 Nj—op nOT from hj_opi1, ..., hj_p, 1 <

ko <b—1.

< » <
< » <

v

<
<

7-3b F3b4+1+k, J2b 2041 j2b+k, Jb b+l 1

4 v

I i I i P
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In this case, the number of ways in which the coefficients «; can be se-

lected is
[14 (g — 1))C=1wh, (32)

The number of ways in which the coefficients [, and v, are selected is
Ly(b, ko, 4, 75,76) (vefer case 3). Further, /3, and v, are to be selected such that
the last non-zero coefficient of v, can take position j —b,5 —b—1,...,b+11in
a vector of length j — b.

To enumerate total number of choices of the coefficients (3, and ~, we prove

the following Lemma 3 (consider the position (j — b)-th as the first position).

Lemma 3. Li(b, ko, ry,75,7¢) Tepresents the number as in case 3 for the se-
lection of v¢ and B,.. The number of such wvectors with the varying starting

position of vy, in a vector of length ny is

b—1 b—1
(Tbl —2b+1>(z Ll(b, kg,?"4,7‘5,7"6>) + Z Ll(b, kg,?"4,7‘5,7"6). (33)

k’QZl ko=ky
1<kg<b—1

Proof of Lemma 3. Consider a vector of length n;. The first non-zero com-
ponent can take the position ¢ = 1,...,ny —b. Obviously, forv=1,...,n; —
2b+1, ko can take values as 1 < ky < b—1and fort =n;—2b+2,...,n1—bi.e.
fori=n1 —2b4+1+ky, 1 <ky <b-—1, ky can take values as ky < ky < b—1.

Thus total number of such vectors is

b—1 b—1
(ng —2b+1) < > Li(b, ka7, r5,7"6)) + Lo (b, ky, 74,75, 7)
k

ko=1 2=k4
1<ky<b—1

which completes the proof of Lemma 3.
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Now the number of choices of the coefficients 3, and 7, in a vector of length

j — b can be obtained by replacing ny by j — b in expression (33) which gives

b—1 b—1
(= 3b+1) > Li(bka,rayrs,re) + > Lu(b ka,ra,7s,76) (34)
ko=1 ko=ky
1<ky<b—1

Therefore, total number of choices of all the coefficients is
(expr. (32)) - (expr. (34)). (35)

Case 7. When the h,, h, and h; are selected together from 3b — 3 or fewer
columns (but from 2b — 1 or more) i.e. the h, are selected from b consecutive
columns amongst hj_opio, ..., hj_1 with the last h, among hj_pi1,...h;j—1 and
the h, are selected from b consecutive columns amongst hj_spys, ..., hj_y with
the last h, among hj_opi14ke,...n,_, (depending on the selection of hy’s), 1 <
ke < b—1, together with the hy, being selected from some b consecutive columns
from the first j —3b+ 1+ k; columns, 1 < k; < b—1 (depending upon the b

consecutive columns from which h,’s are selected).

A
v

< »
< »

A
v
A

»
»

73b F30+14kAk  F20 20414k F2b+kAk, b b1 j-b+k i1

In this case, the coefficients d,, are selected from b consecutive components
as w or less non-zero components, which starts from (j — 2b 4+ 1 + kg)-th
component which may obviously continue upto (j —b+ kg)-th component. The
coefficients 3, are selected from b consecutive components as w or less non-zero

components, which starts from (j —3b+ 1+ k5 + kg)-th component which may
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continue obviously upto (j — 2b + ks + kg)-th component, 1 < kg < b — 1,
1 < ks <b-— kg Suppose ks + kg — 1 = ky.

Our main objective is to select w — 1 or less non-zero components amongst
(j—3b+1+ks+kg,...,j—2b+ks+ ke — 1)-th positions, (j —2b+ ks + k¢)-th
component is non-zero, w — 1 or less non-zero components amongst (j — 2b +
ke +1,...,7 — b+ ke — 1)-th positions, (j — b + k¢)-th component is non-
zero and w — 1 or less non-zero components amongst (7 —b+1,...,j — 1)-th
positions. Also we have to select the coefficients ~, which appear as w or less
non-zero components from a set of b consecutive components among the first
7 — 3b+ k5 + kg components where 1 < kg < b—1,1 < ks <b— kg.

In order to do so, let us choose

r7 components from the (j —3b+ 1+ ks + kg, ..., — 2b+ kg)-th positions,

rg components from the (j—2b+kg—+1,...,j—2b+ks+ks— 1)-th positions,

ro components from the (j — 2b+ ks + k¢ + 1, ..., 5 — b)-th positions,

r10 components from the (j —b+1,...,5 — b+ k¢ — 1)-th positions,

r11 components from the (j — b+ kg + 1,...,7 — 1)-th positions,

where

0<rm<w—-1,0<rg<2w—-2,0<rg<w—1, 0<ryp<2w—2,

OSTHSU)—:L (36)

T’T T’N T”Y rl 0 T’l 1

Keeping in view the situations considered in cases 1,2 and 4, r7, rg, 19, 710, 711
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should be such that

7‘10+r112w—1,7‘8+r9+7‘10+r1122w—2,

7"7+7"8+7“9+7“10+7"11§3w—3. (37)

Such a selection of coefficients give us

Z (b—k5) (k5—1) <b—k5—k6) <k6— 1)
T7,T8,TQ, T? /r8 /r9 7"10

7105711
% (b o kﬁ o 1) (q o 1)7“7+7‘8+7‘9+T10+T11

11
possible linear combinations where 77, rg, 9, 719, 711 €ach satisfy the constraints
stated in (36) and (37). The (j —2b+k5+k¢)-th and (j —b+ks)-th components

can be selected in (¢ — 1) ways each, therefore selection of coefficients give us

Z (b—k5) (k5—1) <b—k5—k6) <k6— 1)
—— 7 T8 T9 T10

710711

b—ke—1
X < 6 ) (q _ 1)T7+T8+T9+T10+T11+2 ) (38)

1
Now to select the coefficients ~, it is equivalent to enumerate the single low-
density burst of length b(fixed) with weight w or less in a vector of length
Jj — 3b+ ks + kg, which gives us (Dass (1983))

14 ((j —3b+ ks + kg) —b+1)(qg— 1)[1 + (g — 1)]C LD, (39)

Therefore, in this case total number of choices of coefficients turns out to be

Z (expr. (38)) - (expr. (39)). (40)

ks, kg
1<kg<b—1
1<ky <b—kg
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The expression

Z (b—k5) (k5—1) (b—k5—k6) (kﬁ— 1)
o rgirg, 7 T8 T9 T10

710711

% <b — ke — 1) (q _ 1>r7+r8+r9+r10+r11+2

11

with constraints stated in (36) and (37) is denoted as
LQ(ba k5a kﬁa r7,78,79, 710, rll)'

Case 8. When the hy, h,, h, are selected together from 3b — 2 or fewer

columns (but from 2b or more) from amongst the first j —b columns, i.e., sup-

pose the h, are selected from b consecutive columns amongst hj_opy1, ..., hj_p,
the h, are selected from b consecutive columns amongst hj_spio,...,hj—p—1
with the last h, among hj_opi1,...,hj_y—1 and the hy are selected from b
consecutive columns amongst hj_apys, ..., hj_op with last column hy, among
hj—3b414kes - - - » Rj—2n (depending on the selection of h,’s), 1 < kg < b— 1.

1 I‘ 1 1 'I 1 1 1 I‘ VI

T T T T T T T T T
FAb+1 FAbH1+k Ak 53041 ‘ F3bthAk F2b+1  F2btk jb b+l #1

F3b+1+k,

In this case, the number of ways in which the coefficients «; can be selected

1+ (g —1)etemy. (41)

The coefficients ¢, are selected as w or less non-zero components from b consec-

utive components starting from (j—2b+1)-th component which may obviously
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continue upto (j — b)-th component. The coefficients 3, are selected from the
components starting from (j — 3b + 1 + kg)-th component which may obvi-
ously continue upto (j — 2b + kg)-th component (1 < kg < b— 1) as w or less
non-zero components from b consecutive components. The coefficients 7, are
selected as w or less non-zero components from (j — 4b+ 1 + ks + kg)-th com-
ponent which may obviously continue upto (j — 3b + k5 + kg)-th component,
1<ks<b—1,1<k;<b— k.

Our main objective is to select w — 1 or less non-zero components amongst
(j—4b+1+4ks+ke,...,J—3b+ks+ks—1)-th positions, the (j —3b+ks+kg)-th
component is non-zero, w— 1 or less non-zero components amongst (j —3b+1+
ke, ...,J—2b+ ke —1)-th positions, the (j —2b+ kg)-th component is non-zero,
and w — 1 or less non-zero components amongst (j —2b+1,...,j —b—1)-th
positions, the (j — b)-th component is non-zero. Following the procedure for
the selection of coefficients 7., 3, and 0, as in case 7, with the selection of
(7 — b)-th component in (¢ — 1) ways, we get the expression as

Z (b—k5) (k5—1) <b—k5—k6) <k6— 1)
T7,T8,TQ, T? /r8 /r9 7"10

710711

—kg—1
y <b k6 ) (q i 1)T7+7'8+7"9+7"10+7'11+3 (42)

11

where

r; components are chosen from the (j —4b+ 1+ k5 + ke, ..., — 3b + kg)-th
positions,

rg components are chosen from the (j —3b+kg+1,...,j —3b+ ks + kg —1)-th
positions,

ro components are chosen from the (j—3b+ks+ks—+1,...,j—2b)-th positions,
r10 components are chosen from the (j—2b+1,. .., j—2b+ ke —1)-th positions,
r1; components are chosen from the (j —2b+kg+1,...,j—b—1)-th positions,
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where

0<r<w—-1,0<7rs <2w—2,0< 1y

<w—-1,0<rg<2w—-2,0<r; <w-—1. (43)

Keeping in view the situations considered in cases 1, 4 and 5, r7, rs, r9, 710,

r11 should be such that

7‘10‘}‘7”11211)-1, 7‘8+7‘9+T10+7‘11 2211)—2,

7"7+7"8+7“9+7“10+7"11§3w—3. (44)

The (expr. (42)) with constraints stated in (43) and (44) is denoted by
Ls(b, ks, ke, 77,78, 79, 710, 11)-

The non-zero component at (j — b)-th position during the selection of co-
efficients, can take positions (j —b), (j —b—1),...,2b.

Total number of ways in which f3,, 7, and 6, are selected is

((j - b) - 3b + 3) Z L3(b7 k57 kﬁa r7,Ts, T97T107T11)

ks kG
1<kg<b—1
1<ks <b—kg
+ g L3(b, ks, ke, 77,78, 79,710, T11)
i1,k5,kg
1<ip <b-2
i1 +1<kg<b—1
1<k <b—kg
+ § L3(b7 k57 k67T77T87T97T107T11) (45)
i1,k5,kg
1<iq <b—2
1<kg<b—1

i1 +1<ks<b—kg
with last non-zero component during the selection of coefficients taking posi-

tions

(i) 7—0b,...,3b—2, values of ks, kg varies as 1 < kg <b—1,1 < ks < b— kg,

further
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(i) (a) (3b—2 —iy),1 < 43 < b — 2 positions, values of ks, k¢ varies as
1 <ke<b—1,1<ks<b— k.

(b) (30 —2 —iy),1 <43 < b— 2 positions, values of ks, ks varies as
1<ke<b—1,i14+1<ks<b— kg

Therefore, in this case total number of choices of coefficients turns out to be
(expr. (41)) - (expr. (45)). (46)

Case 9. When the hy, h,, h, and h; are selected together from 4b — 4 or
fewer columns (but from 2b or more), the h, are selected from b consecutive
columns amongst hj_opio,. .., hj_1 with the last h, among hj_yi1, ..., hj_1,
the h, are selected from b consecutive columns amongst hj_spys, ..., hj_y with
the last h, among h;_opi14kygs - - -5 hj— (depending on the selection of h,’s),
1 < kg <b—1, the hy are selected from b consecutive columns from amongst
hj—apra, . hj_opik, , with last column hy among lj_spi14kotkigs - - > Nj—2b4k10s 1T <
kio <b—1,1 < kg <b— kq, i.e., among the starting of selection of b con-
secutive columns for h, upto one column before the starting of selection of

hy.

A
v

A
v

»
»

A

F4b+1 F30+1

I I
‘ F2b41 f2b+l+k,

FAb+1+kA-kA+-k,, F3b+kAk+E,

F3bF14-Eytky, F2b+k+ky,

In this case, the coefficients 6, are selected from b consecutive compo-
nents as w or less non-zero components which start from (j — 2b + 1 + kyo)-

th component and may obviously continue upto (j — b + kig)-th component,
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1 < k19 < b—1. The coefficients [, are selected from b consecutive components
as w or less non-zero components which start from (j —3b+ 1 + kg + kqo)-th
component and may obviously continue upto (j —2b+ kg + k19)-th component,
1 < kyp<b—1,1<ky <b—kyp. The coefficients v, are selected from b
consecutive components as w or less non-zero components which start from
(j —4b+ 1+ kg + kg + kip)-th component which may obviously continue upto
(7 — 3b+ ks + ko + kio)-th component, 1 < k19 < b—1, 1 < kg < b — ko,
1< ks <b—ky.

Our main objective is to select w — 1 or less non-zero components amongst
(j —4b+ 1+ ks + kg + k10, ..., — 3b+ ks + ko + k1o — 1)-th positions, the
(j — 3b + ks + kg + kio)-th component is non-zero, w — 1 or less non-zero
components among (j—3b+1+kg+kqo, . .., j—2b+ko+k19—1)-th positions, the
(7 —2b+ ko + k1p)-th component is non-zero, w — 1 or less non-zero components
among (j —2b+ 1+ kyg,...,J — b+ k1o — 1)-th positions, the (j — b+ kyo)-
th component is non-zero and w — 1 or less non-zero components amongst
(j—b+1,...,j— 1)-th positions.

In order to do so, let us choose
r1o components from the (j —4b+ 1+ ks + ko + k1o, ..., — 3b + ko + k10)-th
positions,
r13 components from the (j —3b+kg+kio+1,...,7—3b+ ks + ko + k19— 1)-th
positions,
r14 components from the (j —3b+ks+ko+kio+1,...,7—2b+k1o)-th positions,
r15 components from the (7 —2b+kio+1, ..., j—2b+kg+ k19— 1)-th positions,
r16 components from the (j — 2b+ kg + k1o + 1,...,j — b)-th positions,
r17 components from the (j —b+1,...,7 — b+ kyo — 1)-th positions,
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r1g components from the (j — b+ k19 + 1,...,7 — 1)-th positions,

where

0<rp<w-1,0<r3<2w—-2,0<ry<w-1,

0<rs<2w—20<rg<w—-1,0<r;<2w—-20<rg<w-1 (47)

Ty Ty Ty "5 Tig Tz Tis
| | | | | | | |
| 1 | | | 1 | |

Keeping in view the situations considered in cases 3, 7 and 8, ry2, 713, 714,
r15, T'16, 717, Y18 should be such that
ri7 + 118 = w — 1,715 + 116 + 117 + 118 > 2w — 2,
T13+T14+T15+’F16+T17+’F18Zg’w—B, (48)

T2 + 713 + 114 + 715 + 116 + 717 + 718 < 4w — 4.
Such a selection of coefficients give us

Z (b—kg) (kzg—l) (b—k’g—k’g) (k9—1> (b—k’g—k’lo)
12 13 14 T15 T16

T12,7135--+,718

% <k10 - 1) (b - klo - 1) (q _ 1)T12+T13+T14+T15+T16+T17+T18 (49)
17 718
possible linear combinations where rq5,...,715 each satisfy the constraints

stated in (47) and (48). The (j — b + kig)-th, (j — 2b + kg + kyo)-th and
(7 — 3b+ ks + ko + k1p)-th components can be selected in (¢ — 1) ways each,
therefore selection of coefficients give us
Z Z <b—k8>(k:g—l)<b—k8—k9><k9—1)<b—k9—k10)
ks oo e \ 712 13 14 15 16
1<kq<b—1

1<kg<b—kqg
1<kg<b—kg

<]€10 - 1) <b — klO - ]-) (q o 1)r12+r13+r14+r!5+r16+7“17+7“18+3‘ (50)
ri7 18
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The expression

Z (b—kg) (kg—l) <b—k8—k9) <k9—1) <b—k9—k10)
12 T13 T14 T15 16

T125--+ 18

X <k10 - 1) (b o klo - 1) (q o 1)7‘12+7‘13+7‘14+7“!5+7‘16+7‘17+7‘18+3

ri7 18

with constraints stated in (47) and (48) is denoted by
Ly(b, ks, kg, k10,712,713, 714, T'15, T16, 17, T'18).-
Thus, the total number of possible combinations that h; cannot be equal

to, is

(expr. (7)) + (expr. (12)) + (expr. (17))
+(expr. (24)) + (expr. (31)) + (expr. (35))

+(expr. (40)) + (expr. (46)) + (expr. (50)). (51)

At worst, all these linear combinations may yield a distinct sum. Therefore a

column h; can be added to H' provided that
"% > (expr. (51)). (52)

Now reverse the columns of H' to obtain the requisite parity-check matrix
H =1[H,H,...H,|,(hi = H,_;+1). Thus, to achieve code of length n, replace

7 by n which gives the result.

Remark 1. The result just obtained holds for w < b. If we take w = b,
the weight consideration over the burst becomes redundant. The situations

giving rise to the expressions except (expr. (7)) does not arise. The bound



180 Bal Kishan Dass and Poonam Garg

then reduces to

q > [14 (g— 1) 1D
x{ z; <n — (i +Z 1)b+ z) (g— 1)1+ (q 1)]i<b—1,b—1>}

ie.
3 . .
n— — n— G+ 1)b+1 i Wb
q k>qb1{§:( ( Z) )(q_l)q(bl)}
=0

which coincides with a result due to Dass, Garg and Zannetti (2008b), when
bursts considered are 2-repeated bursts of length b(fixed).

We conclude this section with an example.

Example 1. Consider the following 12 x 16 matrix over GF(2)

R OO, P PP P RFERFERFR RO
— = O OOOoo oo
O OO +=O
(il el lo o NoNoNol = Ne)
(il el NoNo Nl =N l)
DO DD DD DDOoOH OO OO
(N eleolNoNoNoll ool o)
DO DD O DD OO
DO DO HDODDODDOoOO OO
DO O ODODDODDODDOoOO OO
[N oo No e N o o o M)
O OO0 oo
—_H OO OO OoO oo
OO OO OOk OO
O OO R OO OO O
_ o0 OO, OO, OOo

This matrix has been constructed by the synthesis procedure outlined in the
proof of Theorem 1 by taking b = 3 and w = 2. Considered as a parity-check
matrix, this matrix gives rise to a (16,4) binary code. It can be seen from
Table 1 that the syndromes of bursts of length 3(fixed) with weight 2 or less
are distinct, showing thereby that the code that is the null space of the matrix
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given in the example corrects all bursts of length 3(fixed) with weight 2 or less.
It should be noted that this code does not correct all bursts of length 3(fixed)
with weight 3, e.g.,

0000000011100111) as its syndrome is the same as that of (1100000000001000),
0000000000101111) as its syndrome is the same as that of (1100000011000000),
0000000011000111) 1100000000101000
)
)
)

( )
( )
as its syndrome is the same as that of ( )
0000000011100101 (1100000000001010)
( )
( )

?

as its syndrome is the same as that of

Y

(
(
(
(
(0000000011101010) as its syndrome is the same as that of (1100000000000101),
(

0000000011101000) as its syndrome is the same as that of (1100000000000111).
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Syndromes of Correctable error-vectors

Bal Kishan Dass and Poonam Garg

Error vectors Syndromes
0000000000000000 | 000000000000
1000000000000000 | 011111111001
1001000000000000 | 010111111001
1000100000000000 | 011011111001
1000010000000000 | 011101111001
1000001000000000 | 011110111001
1000000100000000 | 011111011001
1000000010000000 | 011111101001
1000000001000000 | 011111110001
1000000000100000 | 011111111101
1000000000010000 | 011111111011
1000000000001000 | 011111111000
1000000000000100 | 111011011101
1001100000000000 | 010011111001
1000110000000000 | 011001111001
1000011000000000 | 011100111001
1000001100000000 | 011110011001
1000000110000000 | 011111001001
1000000011000000 | 011111100001
1000000001100000 | 011111110101
1000000000110000 | 011111111111
1000000000011000 | 011111111010
1000000000001100 | 111011011100
1000000000000110 | 101001001111
1001010000000000 | 010101111001
1000101000000000 | 011010111001
1000010100000000 | 011101011001
1000001010000000 | 011110101001
1000000101000000 | 011111010001
1000000010100000 | 011111101101
1000000001010000 | 011111110011
1000000000101000 | 011111111100
1000000000010100 | 111011011111
1000000000001010 | 001101101010

Table 1
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Error vectors Syndromes
1000000000000101 | 110010010100
1100000000000000 | 111111100010
1101000000000000 | 110111100010
1100100000000000 | 111011100010
1100010000000000 | 111101100010
1100001000000000 | 111110100010
1100000100000000 | 111111000010
1100000010000000 | 111111110010
1100000001000000 | 111111101010
1100000000100000 | 111111100110
1100000000010000 | 111111100000
1100000000001000 | 111111100011
1100000000000100 | 011011000110
1101100000000000 | 110011100010
1100110000000000 | 111001100010
1100011000000000 | 111100100010
1100001100000000 | 111110000010
1100000110000000 | 111111010010
1100000011000000 | 111111111010
1100000001100000 | 111111101110
1100000000110000 | 111111100100
1100000000011000 | 111111100001
1100000000001100 | 011011000111
1100000000000110 | 001001010100
1101010000000000 | 110101100010
1100101000000000 | 111010100010
1100010100000000 | 111101000010
1100001010000000 | 111110110010
1100000101000000 | 111111001010
1100000010100000 | 111111110110
1100000001010000 | 111111101000
1100000000101000 | 111111100111
1100000000010100 | 011011000100
1100000000001010 | 101101110001

(Contd.)

Error vectors Syndromes
1100000000000101 | 010010001111
1010000000000000 | 001111111011
1011000000000000 | 000111111011
1010100000000000 | 001011111011
1010010000000000 | 001101111011
1010001000000000 | 001110111011
1010000100000000 | 001111011011
1010000010000000 | 001111101011
1010000001000000 | 001111110011
1010000000100000 | 001111111111
1010000000010000 | 001111111001
1010000000001000 | 001111111010
1010000000000100 | 101011011111
1011100000000000 | 000011111011
1010110000000000 | 001001111011
1010011000000000 | 001100111011
1010001100000000 | 001110011011
1010000110000000 | 001111001011
1010000011000000 | 001111100011
1010000001100000 | 001111110111
1010000000110000 | 001111111101
1010000000011000 | 001111111000
1010000000001100 | 101011011110
1010000000000110 | 111001001101
1011010000000000 | 000101111011
1010101000000000 | 001010111011
1010010100000000 | 001101011011
1010001010000000 | 001110101011
1010000101000000 | 001111010011
1010000010100000 | 001111101111
1010000001010000 | 001111110001
1010000000101000 | 001111111110
1010000000010100 | 101011011101
1010000000001010 | 011101101000
1010000000000101 | 100010010110
0100000000000000 | 100000011011
0100100000000000 | 100100011011
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Error vectors Syndromes
0100010000000000 | 100010011011
0100001000000000 | 100001011011
0100000100000000 | 100000111011
0100000010000000 | 100000001011
0100000001000000 | 100000010011
0100000000100000 | 100000011111
0100000000010000 | 100000011001
0100000000001000 | 100000011010
0100000000000100 | 000100111111
0100110000000000 | 100110011011
0100011000000000 | 100011011011
0100001100000000 | 100001111011
0100000110000000 | 100000101011
0100000011000000 | 100000000011
0100000001100000 | 100000010111
0100000000110000 | 100000011101
0100000000011000 | 100000011000
0100000000001100 | 000100111110
0100000000000110 | 010110101101
0100101000000000 | 100101011011
0100010100000000 | 100010111011
0100001010000000 | 100001001011
0100000101000000 | 100000110011
0100000010100000 | 100000001111
0100000001010000 | 100000010001
0100000000101000 | 100000011110
0100000000010100 | 000100111101
0100000000001010 | 110010001000
0100000000000101 | 001101110110
0110000000000000 | 110000011001
0110100000000000 | 110100011001
0110010000000000 | 110010011001
0110001000000000 | 110001011001
0110000100000000 | 110000111001
0110000010000000 | 110000001001
0110000001000000 | 110000010001
0110000000100000 | 110000011101

(Contd.)




A sufficient condition for the existence

Error vectors Syndromes
0110000000010000 | 110000011011
0110000000001000 | 110000011000
0110000000000100 | 010100111101
0110110000000000 | 110110011001
0110011000000000 | 110011011001
0110001100000000 | 110001111001
0110000110000000 | 110000101001
0110000011000000 | 110000000001
0110000001100000 | 110000010101
0110000000110000 | 110000011111
0110000000011000 | 110000011010
0110000000001100 | 010100111100
0110000000000110 | 000110101111
0110101000000000 | 110101011001
0110010100000000 | 110010111001
0110001010000000 | 110001001001
0110000101000000 | 110000110001
0110000010100000 | 110000001101
0110000001010000 | 110000010011
0110000000101000 | 110000011100
0110000000010100 | 010100111111
0110000000001010 | 100010001010
0110000000000101 | 011101110100
0101000000000000 | 101000011011
0101100000000000 | 101100011011
0101010000000000 | 101010011011
0101001000000000 | 101001011011
0101000100000000 | 101000111011
0101000010000000 | 101000001011
0101000001000000 | 101000010011
0101000000100000 | 101000011111
0101000000010000 | 101000011001
0101000000001000 | 101000011010
0101000000000100 | 001100111111
0101110000000000 | 101110011011
0101011000000000 | 101011011011
0101001100000000 | 101001111011
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Error vectors Syndromes
0101000110000000 | 101000101011
0101000011000000 | 101000000011
0101000001100000 | 101000010111
0101000000110000 | 101000011101
0101000000011000 | 101000011000
0101000000001100 | 001100111110
0101000000000110 | 011110101101
0101101000000000 | 101101011011
0101010100000000 | 101010111011
0101001010000000 | 101001001011
0101000101000000 | 101000110011
0101000010100000 | 101000001111
0101000001010000 | 101000010001
0101000000101000 | 101000011110
0101000000010100 | 001100111101
0101000000001010 | 111010001000
0101000000000101 | 000101110110
0010000000000000 | 010000000010
0010010000000000 | 010010000010
0010001000000000 | 010001000010
0010000100000000 | 010000100010
0010000010000000 | 010000010010
0010000001000000 | 010000001010
0010000000100000 | 010000000110
0010000000010000 | 010000000000
0010000000001000 | 010000000011
0010000000000100 | 110100100110
0010011000000000 | 010011000010
0010001100000000 | 010001100010
0010000110000000 | 010000110010
0010000011000000 | 010000011010
0010000001100000 | 010000001110
0010000000110000 | 010000000100
0010000000011000 | 010000000001
0010000000001100 | 110100100111
0010000000000110 | 100110110100
0010010100000000 | 010010100010

(Contd.)




A sufficient condition for the existence

Error vectors Syndromes
0010001010000000 | 010001010010
0010000101000000 | 010000101010
0010000010100000 | 010000010110
0010000001010000 | 010000001000
0010000000101000 | 010000000111
0010000000010100 | 110100100100
0010000000001010 | 000010010001
0010000000000101 | 111101101111
0011000000000000 | 011000000010
0011010000000000 | 011010000010
0011001000000000 | 011001000010
0011000100000000 | 011000100010
0011000010000000 | 011000010010
0011000001000000 | 011000001010
0011000000100000 | 011000000110
0011000000010000 | 011000000000
0011000000001000 | 011000000011
0011000000000100 | 111100100110
0011011000000000 | 011011000010
0011001100000000 | 011001100010
0011000110000000 | 011000110010
0011000011000000 | 011000011010
0011000001100000 | 011000001110
0011000000110000 | 011000000100
0011000000011000 | 011000000001
0011000000001100 | 111100100111
0011000000000110 | 101110110100
0011010100000000 | 011010100010
0011001010000000 | 011001010010
0011000101000000 | 011000101010
0011000010100000 | 011000010110
0011000001010000 | 011000001000
0011000000101000 | 011000000111
0011000000010100 | 111100100100
0011000000001010 | 001010010001
0011000000000101 | 110101101111
0010100000000000 | 010100000010
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Error vectors Syndromes
0010110000000000 | 010110000010
0010101000000000 | 010101000010
0010100100000000 | 010100100010
0010100010000000 | 010100010010
0010100001000000 | 010100001010
0010100000100000 | 010100000110
0010100000010000 | 010100000000
0010100000001000 | 010100000011
0010100000000100 | 110000100110
0010111000000000 | 010111000010
0010101100000000 | 010101100010
0010100110000000 | 010100110010
0010100011000000 | 010100011010
0010100001100000 | 010100001110
0010100000110000 | 010100000100
0010100000011000 | 010100000001
0010100000001100 | 110000100111
0010100000000110 | 100010110100
0010110100000000 | 010110100010
0010101010000000 | 010101010010
0010100101000000 | 010100101010
0010100010100000 | 010100010110
0010100001010000 | 010100001000
0010100000101000 | 010100000111
0010100000010100 | 110000100100
0010100000001010 | 000110010001
0010100000000101 | 111001101111
0001000000000000 | 001000000000
0001001000000000 | 001001000000
0001000100000000 | 001000100000
0001000010000000 | 001000010000
0001000001000000 | 001000001000
0001000000100000 | 001000000100
0001000000010000 | 001000000010
0001000000001000 | 001000000001
0001000000000100 | 101100100100
0001001100000000 | 001001100000

(Contd.)




A sufficient condition for the existence

Error vectors Syndromes
0001000110000000 | 001000110000
0001000011000000 | 001000011000
0001000001100000 | 001000001100
0001000000110000 | 001000000110
0001000000011000 | 001000000011
0001000000001100 | 101100100101
0001000000000110 | 111110110110
0001001010000000 | 001001010000
0001000101000000 | 001000101000
0001000010100000 | 001000010100
0001000001010000 | 001000001010
0001000000101000 | 001000000101
0001000000010100 | 101100100110
0001000000001010 | 011010010011
0001000000000101 | 100101101101
0001100000000000 | 001100000000
0001101000000000 | 001101000000
0001100100000000 | 001100100000
0001100010000000 | 001100010000
0001100001000000 | 001100001000
0001100000100000 | 001100000100
0001100000010000 | 001100000010
0001100000001000 | 001100000001
0001100000000100 | 101000100100
0001101100000000 | 001101100000
0001100110000000 | 001100110000
0001100011000000 | 001100011000
0001100001100000 | 001100001100
0001100000110000 | 001100000110
0001100000011000 | 001100000011
0001100000001100 | 101000100101
0001100000000110 | 111010110110
0001101010000000 | 001101010000
0001100101000000 | 001100101000
0001100010100000 | 001100010100
0001100001010000 | 001100001010
0001100000101000 | 001100000101
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Error vectors Syndromes
0001100000010100 | 101000100110
0001100000001010 | 011110010011
0001100000000101 | 100001101101
0001010000000000 | 001010000000
0001011000000000 | 001011000000
0001010100000000 | 001010100000
0001010010000000 | 001010010000
0001010001000000 | 001010001000
0001010000100000 | 001010000100
0001010000010000 | 001010000010
0001010000001000 | 001010000001
0001010000000100 | 101110100100
0001011100000000 | 001011100000
0001010110000000 | 001010110000
0001010011000000 | 001010011000
0001010001100000 | 001010001100
0001010000110000 | 001010000110
0001010000011000 | 001010000011
0001010000001100 | 101110100101
0001010000000110 | 111100110110
0001011010000000 | 001011010000
0001010101000000 | 001010101000
0001010010100000 | 001010010100
0001010001010000 | 001010001010
0001010000101000 | 001010000101
0001010000010100 | 101110100110
0001010000001010 | 011000010011
0001010000000101 | 100111101101
0000100000000000 | 000100000000
0000100100000000 | 000100100000
0000100010000000 | 000100010000
0000100001000000 | 000100001000
0000100000100000 | 000100000100
0000100000010000 | 000100000010
0000100000001000 | 000100000001
0000100000000100 | 100000100100
0000100110000000 | 000100110000

(Contd.)




A sufficient condition for the existence

Error vectors Syndromes
0000100011000000 | 000100011000
0000100001100000 | 000100001100
0000100000110000 | 000100000110
0000100000011000 | 000100000011
0000100000001100 | 100000100101
0000100000000110 | 110010110110
0000100101000000 | 000100101000
0000100010100000 | 000100010100
0000100001010000 | 000100001010
0000100000101000 | 000100000101
0000100000010100 | 100000100110
0000100000001010 | 010110010011
0000100000000101 | 101001101101
0000110000000000 | 000110000000
0000110100000000 | 000110100000
0000110010000000 | 000110010000
0000110001000000 | 000110001000
0000110000100000 | 000110000100
0000110000010000 | 000110000010
0000110000001000 | 000110000001
0000110000000100 | 100010100100
0000110110000000 | 000110110000
0000110011000000 | 000110011000
0000110001100000 | 000110001100
0000110000110000 | 000110000110
0000110000011000 | 000110000011
0000110000001100 | 100010100101
0000110000000110 | 110000110110
0000110101000000 | 000110101000
0000110010100000 | 000110010100
0000110001010000 | 000110001010
0000110000101000 | 000110000101
0000110000010100 | 100010100110
0000110000001010 | 010100010011
0000110000000101 | 101011101101
0000101000000000 | 000101000000
0000101100000000 | 000101100000
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Error vectors Syndromes
0000101010000000 | 000101010000
0000101001000000 | 000101001000
0000101000100000 | 000101000100
0000101000010000 | 000101000010
0000101000001000 | 000101000001
0000101000000100 | 100001100100
0000101110000000 | 000101110000
0000101011000000 | 000101011000
0000101001100000 | 000101001100
0000101000110000 | 000101000110
0000101000011000 | 000101000011
0000101000001100 | 100001100101
0000101000000110 | 110011110110
0000101101000000 | 000101101000
0000101010100000 | 000101010100
0000101001010000 | 000101001010
0000101000101000 | 000101000101
0000101000010100 | 100001100110
0000101000001010 | 010111010011
0000101000000101 | 101000101101
0000010000000000 | 000010000000
0000010010000000 | 000010010000
0000010001000000 | 000010001000
0000010000100000 | 000010000100
0000010000010000 | 000010000010
0000010000001000 | 000010000001
0000010000000100 | 100110100100
0000010011000000 | 000010011000
0000010001100000 | 000010001100
0000010000110000 | 000010000110
0000010000011000 | 000010000011
0000010000001100 | 100110100101
0000010000000110 | 110100110110
0000010010100000 | 000010010100
0000010001010000 | 000010001010
0000010000101000 | 000010000101
0000010000010100 | 100110100110

(Contd.)




A sufficient condition for the existence

Error vectors Syndromes
0000010000001010 | 010000010011
0000010000000101 | 101111101101
0000011000000000 | 000011000000
0000011010000000 | 000011010000
0000011001000000 | 000011001000
0000011000100000 | 000011000100
0000011000010000 | 000011000010
0000011000001000 | 000011000001
0000011000000100 | 100111100100
0000011011000000 | 000011011000
0000011001100000 | 000011001100
0000011000110000 | 000011000110
0000011000011000 | 000011000011
0000011000001100 | 100111100101
0000011000000110 | 110101110110
0000011010100000 | 000011010100
0000011001010000 | 000011001010
0000011000101000 | 000011000101
0000011000010100 | 100111100110
0000011000001010 | 010001010011
0000011000000101 | 101110101101
0000010100000000 | 000010100000
0000010110000000 | 000010110000
0000010101000000 | 000010101000
0000010100100000 | 000010100100
0000010100010000 | 000010100010
0000010100001000 | 000010100001
0000010100000100 | 100110000100
0000010111000000 | 000010111000
0000010101100000 | 000010101100
0000010100110000 | 000010100110
0000010100011000 | 000010100011
0000010100001100 | 100110000101
0000010100000110 | 110100010110
0000010110100000 | 000010110100
0000010101010000 | 000010101010
0000010100101000 | 000010100101
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Error vectors Syndromes
0000010100010100 | 100110000110
0000010100001010 | 010000110011
0000010100000101 | 101111001101
0000001000000000 | 000001000000
0000001001000000 | 000001001000
0000001000100000 | 000001000100
0000001000010000 | 000001000010
0000001000001000 | 000001000001
0000001000000100 | 100101100100
0000001001100000 | 000001001100
0000001000110000 | 000001000110
0000001000011000 | 000001000011
0000001000001100 | 100101100101
0000001000000110 | 110111110110
0000001001010000 | 000001001010
0000001000101000 | 000001000101
0000001000010100 | 100101100110
0000001000001010 | 010011010011
0000001000000101 | 101100101101
0000001100000000 | 000001100000
0000001101000000 | 000001101000
0000001100100000 | 000001100100
0000001100010000 | 000001100010
0000001100001000 | 000001100001
0000001100000100 | 100101000100
0000001101100000 | 000001101100
0000001100110000 | 000001100110
0000001100011000 | 000001100011
0000001100001100 | 100101000101
0000001100000110 | 110111010110
0000001101010000 | 000001101010
0000001100101000 | 000001100101
0000001100010100 | 100101000110
0000001100001010 | 010011110011
0000001100000101 | 101100001101
0000001010000000 | 000001010000
0000001011000000 | 000001011000

(Contd.)




A sufficient condition for the existence

Error vectors Syndromes
0000001010100000 | 000001010100
0000001010010000 | 000001010010
0000001010001000 | 000001010001
0000001010000100 | 100101110100
0000001011100000 | 000001011100
0000001010110000 | 000001010110
0000001010011000 | 000001010011
0000001010001100 | 100101110101
0000001010000110 | 110111100110
0000001011010000 | 000001011010
0000001010101000 | 000001010101
0000001010010100 | 100101110110
0000001010001010 | 010011000011
0000001010000101 | 101100111101
0000000100000000 | 000000100000
0000000100100000 | 000000100100
0000000100010000 | 000000100010
0000000100001000 | 000000100001
0000000100000100 | 100100000100
0000000100110000 | 000000100110
0000000100011000 | 000000100011
0000000100001100 | 100100000101
0000000100000110 | 110110010110
0000000100101000 | 000000100101
0000000100010100 | 100100000110
0000000100001010 | 010010110011
0000000100000101 | 101101001101
0000000110000000 | 000000110000
0000000110100000 | 000000110100
0000000110010000 | 000000110010
0000000110001000 | 000000110001
0000000110000100 | 100100010100
0000000110110000 | 000000110110
0000000110011000 | 000000110011
0000000110001100 | 100100010101
0000000110000110 | 110110000110
0000000110101000 | 000000110101
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Error vectors Syndromes
0000000110010100 | 100100010110
0000000110001010 | 010010100011
0000000110000101 | 101101011101
0000000101000000 | 000000101000
0000000101100000 | 000000101100
0000000101010000 | 000000101010
0000000101001000 | 000000101001
0000000101000100 | 100100001100
0000000101110000 | 000000101110
0000000101011000 | 000000101011
0000000101001100 | 100100001101
0000000101000110 | 110110011110
0000000101101000 | 000000101101
0000000101010100 | 100100001110
0000000101001010 | 010010111011
0000000101000101 | 101101000101
0000000010000000 | 000000010000
0000000010010000 | 000000010010
0000000010001000 | 000000010001
0000000010000100 | 100100110100
0000000010011000 | 000000010011
0000000010001100 | 100100110101
0000000010000110 | 110110100110
0000000010010100 | 100100110110
0000000010001010 | 010010000011
0000000010000101 | 101101111101
0000000011000000 | 000000011000
0000000011010000 | 000000011010
0000000011001000 | 000000011001
0000000011000100 | 100100111100
0000000011011000 | 000000011011
0000000011001100 | 100100111101
0000000011000110 | 110110101110
0000000011010100 | 100100111110
0000000011001010 | 010010001011
0000000011000101 | 101101110101
0000000010100000 | 000000010100

(Contd.)




A sufficient condition for the existence

Error vectors Syndromes
0000000010110000 | 000000010110
0000000010101000 | 000000010101
0000000010100100 | 100100110000
0000000010111000 | 000000010111
0000000010101100 | 100100110001
0000000010100110 | 110110100010
0000000010110100 | 100100110010
0000000010101010 | 010010000111
0000000010100101 | 101101111001
0000000001000000 | 000000001000
0000000001001000 | 000000001001
0000000001000100 | 100100101100
0000000001001100 | 100100101101
0000000001000110 | 110110111110
0000000001001010 | 010010011011
0000000001000101 | 101101100101
0000000001100000 | 000000001100
0000000001101000 | 000000001101
0000000001100100 | 100100101000
0000000001101100 | 100100101001
0000000001100110 | 110110111010
0000000001101010 | 010010011111
0000000001100101 | 101101100001
0000000001010000 | 000000001010
0000000001011000 | 000000001011
0000000001010100 | 100100101110
0000000001011100 | 100100101111
0000000001010110 | 110110111100
0000000001011010 | 010010011001
0000000001010101 | 101101100111
0000000000100000 | 000000000100
0000000000100100 | 100100100000
0000000000100110 | 110110110010
0000000000100101 | 101101101001
0000000000110000 | 000000000110
0000000000110100 | 100100100010
0000000000110110 | 110110110000

Error vectors Syndromes
0000000000110101 | 101101101011
0000000000101000 | 000000000101
0000000000101100 | 100100100001
0000000000101110 | 110110110011
0000000000101101 | 101101101000
0000000000010000 | 000000000010
0000000000011000 | 000000000011
0000000000010100 | 100100100110
0000000000001000 | 000000000001
0000000000001100 | 100100100101
0000000000001010 | 010010010011
0000000000000100 | 100100100100
0000000000000110 | 110110110110
0000000000000101 | 101101101101
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