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Abstract

In this paper we will establish a companion for the generalized Os-
trowski and the generalized trapezoid inequalities, including functions
of bounded variation, Lipschitzian, convex and absolutely continuous
functions, which generalizes Barnett et al.’s some results (N.S. Barnett
et al., Math. Comput. Modeling 50 (2009) 179-187). Applications for
weighted means are also given.
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1. Introduction

In 2000, Dragomir [2] answered to the problem of approximating the Stieltjes
integral fab f(z)du(x) by the quantity [u(b) — u(a)]f(x), which is a natural
generalization of the Ostrowski problem [3] analysed in 1937. He obtained the
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following result:

‘/f@www—hm»—mwvm>

T b
<H (x—a)r\/(f)vL(b—a?)r\/(f)] (1.1)

for each = € [a, b], provided f is of bounded variation on [a, b], while u : [a, b] —
R is r-H-Holder continuous, i.e., we recall that:

lu(z) —u(y)| < H|lx —y|" for each z,y € [a,].
From a different view point, the problem of approximating the Stieltjes
integral f;f(x)du(x) by the generalized trapezoid rule [(u(b) — u(x))f(b) +

(u(z) — u(a))f(a)] was considered by Dragomir et al. [4]. The following in-
equality was obtained:

= [(u(b) = w(z)) f(0) + (u(x) — u(a))f(a)]

§HE(b—a)+'x—

for each x € [a, b], provided f is of bounded variation on [a, b] while u : [a, b] —
R is r-H-Holder continuous.

For a Riemann-Stieltjes integrable function f : [a,b] — R and for a given
x € |a, b], it is natural to investigate the distances between the quantities

b u —ulx T a
[ Hayiu(a) ana (O ZUDIO (1) D)

f(x)
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respectively, and to seek sharp upper bounds for these distances in terms of
different measure that can be associated with f, where f is restricted to partic-
ular classes of functions including functions of bounded variation, Lipschitzian,
convex and absolutely continuous functions.

The authors of [2, 4] have been given sharp upper bounds for absolute value
between the first quantity and the second, the second and the third in (1.2).

The main aim of this paper is to provide sharp upper bounds for absolute
value of the remaining difference between the first quantity and the third in
(1.2), that is,

(u(b) — u(@))f(b) + (u(x) — u(a))f(a)

W) = (o) - i ,

x € [a,b]. (1.3)

As applications, some bounds for the absolute value of the difference

@f(ﬂj) = szf(xl) . (U(b) — Z?:l plU(xl)){LEZ; "i__ 2%521 pzu(a:z) — u(a))f(a)’
h (1.4)
where z; € [a,b], p; > 0,i € {1,2,--- ,n} and X", p; = 1, are also given.

Remark Using the Stieltjes integral by Dragomir [2], generalization of the
Ostrowski problem [3] was considered, so our results are natural to generalize
some results obtained by Barnett et al.’s some results [1].

2. The case when f is of bounded variation and
u Holder continuous

The following representation holds.

Lemma 2.1 Let f is of bounded function on [a,b] and let T : [a,b]* — R be
gien by

(2.1)
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Then we have the following representation,

U (x) = m/ T(w, s)df(s), = € [ab)], (2.2)

where the integral is considered in the Riemann-Stieltjes sense.

Proof. If f is bounded on [a,b], the for any t € [a, b], the Riemann-Stieltjes
integral [ df(s) = f(z) — f(a), ff df(s) = f(b) — f(z). Tt follows that

[ 1@sdrs) = () —ute) [ )+ o) —ut) [ dris)
~ ()~ ula)) V(o).
for any t € [a, b]. O

The following provides a sharp bound for the absolute value of ¥ where
f is of bounded variation and u is r-H-Holder continuous.

Theorem 2.2 If f : [a,b] — R is of bounded variation and u : [a,b] — R is
r-H-Holder continuous on the interval [a,b], i.e.,

lu(z) —u(y)| < H|lx —y|" for each z,y € [a,].

Then
x b
VOl < |u<x>—u<a>|\/<f>+|u<x>—u<b>|\/<f>] (2:3)
H x b
< [ VD0 VO) (2.4)
b x b
(@ —a)" + (b )] [;W) 4|V v } :
< H [(a:—a)qur(bfx)qrﬁ l(\j/(f)) + (\i/(f)) ] ' (2.5)
fu®) = ula)l ) p>1Li+l=1
[L(b—a) +|o— “%”Hr\f{(f),
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for any x € [a,b]. The constant 1/2 is also the best possible in both branches
of (2.5).
Proof. Utilizing the representation (2.2), we have

W@ = s (o) = ula) [ () + (ulo) —u(e) [ (s
< i 1@ - @l [ @)+ ate) - uee) /:df(S)]
< :\u<x> ~ u(a) \i/(f) + Jue) — u(d)] \i/(f)]
: . b
< WHU()';U_\/ _mr\!<f>]

which implies the inequalities (2.3) and (2.4).

Combination inequality (1.1) and the above inequality, we have inequality
(2.5).

Now, we prove that The constant 1/2 is also the best possible in both
branches of (2.5). Consider the function fo(t) = |t — (a + b)/2| which is of
bounded variation on [a, b], with fo(a) = fo(b) = (b—a)/2 and \/Z(fo) =b—a.
And ug(z) = x which is 1-1-Hélder continuous. According to the proof of
the best possibility of the constant in Theorem 1 in [1], the sharpness of the
constant 1/2 in the inequality (2.5) is the best possible. O

As application, we give the case when f and u have some slight variations
as follows.

Corollary 2.3 If f : [a,b] — R is Ly-Lipschitzian on [a, x| and Lo-Lipschitzian
on [z,b], L1, Ly > 0, x € [a,b], while the function u : [a,b] — R satisfies some
local Holder continuous, namely,

lu(t) —u(a)] < Hi|t —al™ for any t € [a,z] (2.6)
and

|u(b) — u(t)| < Halb—t|™ for any t € [z, (2.7)



118 Wengui Yang

where Hy, Hy > 0, 11,79 € (—1,4+00), then

|Tr(z)] < Ta(®) = u(@)] [L1|u(z) — u(a)|(z — a) + La|u(z) — u(d)|(b — z)] (2.8)
; r—qg)1t! _ p)retl
< ) —wy e = e HaLa(b - a) ] (2.9)
maX{HlLl, H2L2} [(1; _ a)r1+l + (b _ x)r2+1] ;
; [(HlLl)p + (H L )P]% [({E _ a)qn + (b _ x)qrg]% ,
= )~ a(@)] a (2.10)

: 1 1 _ 1.
lfp>1,;+6—1,

max{(z —a)" 1, (b — x)"2 T} (H Ly + HoLs),

for any x € [a,b].

Proof. It is well known that if g : [, 5] — R is L-Lipschitzian, then g is
of bounded variation and \/?(g) < L(8 — «). Therefore, by the first inequal-
ity (2.4), we get the corresponding inequality (2.8). Using the local Holder
continuity of the function u, we have inequality (2.9) from (2.8). The other
inequalities follow by the Holder inequality and the details are omitted. a

Corollary 2.4 If f : [a,b] — R is monotonic nondecreasing, while u : [a, b] —
R is L-Lipschitzian on |a,b], where L > 0, then

Wy(z)] < ) = a(a)] [lu(z) = u(@)|(f(z) = f(a)) + |u(z) — u(®)|(f(b) — f(2))]

L
|u(b) = u(a)|

IN

[(z = a)(f(2) = f(a)) + (b —2)(f(b) = f(2))]
[300—a) + |o = <52{] [F(b) — F(a)];

1

L [(z = a)? + (b= )77 [(f(z) — f(a))? + (f(b) — f(2))]7,

< - =
— Ju(b) —u(a)| | if p>1,%—|—%:1;

(b= a) [3(F() = f(@) + | () - LHO]

Q=

for any x € [a,b).

Proof. It is easy to observe that we obtain Corollary 2.4 by using Theorem
2.2 and Holder inequality, so the details are omitted. O
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3. The case when f is absolutely continuous
and v Holder continuous

When f is absolutely continuous, the following representation holds.

Lemma 3.1 If f is of bounded function on [a,b]. Then we have the following
representation,

b
Uy(x) = ! (a)/ T(x,s)f'(s)ds, z € [a,b], (3.1)

u(b) —u

where the integral is considered in the Lebesque sense and where the kernel
T : [a,b* = R has been defined in (2.1).

We cite the following Lebesgue norms defined in Section 3 in [1] as follows.

,, :
1 Nooi=ess sup 1@ 11 o= ([ £ @) p21

z€[a,b]

Theorem 3.2 If f is absolutely continuous on [a,b], u : [a,b] — R is r-H-
Hbélder continuous on |a,b], where H > 0 and r € (—1,00). Then we have the
following inequalities:

1 , /
V()] Tu(b) —ula)] [Ju(@) = w(@)] | f sz +Hu®) = @] ] f lwp] (3-2)
H T / r /
< ey @O 1 s +0 =) 1 iz (3.3)
H
@) —u(@) " @ e €lall (3.4)

where W (z) is defined by
W( ) { (35 - a)H—l H I ||[a,:v],OOa if f'e Loo[a> b]
xr) = e .
(@ —a) 5 | f' s if f € Lpfab], p>1,5+2=1;
(b - x)?"+1 || f/ ||[m,b],oo> Zf f/ 6 LOO[CL, b]a
+ oA E / g 1,1 _ 9.
(b SL’) & H f ||[$,b]70£7 Zf f S La[a7b]7 o > 17 @ _'_ B - 17

and W (z) should be seen as all four possible combinations.
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Proof. By Lemma 3.1, we have

@)l = u@iu() [(u(w) = u(@)(f() = (@) + (u(b) — u(@)) (F(b) - f@))]‘

1 z b /

= u®) —u(@ [(u(w)—u(a))/a f(s)ds—l—(u(b)—u(m))/x f(g)dg]
1 v b ,

= WM[IW«")—U(CL)I/G If(s)ldsﬂu(b)—u(:c)y/x |f(s)|ds]
1 , /

S ) —ula)] [[u(z) = w(a)| || £ lauga +u®) = u@)] | £ 1]
H / r /

< @] (@~ I Nemya +G =2 11 F legial

for x € [a, b], which implies inequalities (3.2) and (3.3).
Utilizing (3.4) and (3.5) in [1] and the above inequality, we obtain the
desired inequality (3.4). O

Corollary 3.3 If f is absolutely continuous on |a, b, the functionu : [a,b] — R
satisfies some local Holder continuous defined by (2.6) and (2.7). Then we have

W@ < rr T 1) = @] S s ) = @) 1 ]
1 g g e
< M[Hl(x—a) I Nows +Hab =) | ' wsya]
1
= @ ) Tl

where W (x) is defined by

{ Hl(x - a)ﬁ—l-l H f, H[a,z],oo; Zf f, € Loo[aa b]
Wix) =

Hi(w = a) 5 || f laatpr if £ €L, p> 10+ 0 =1,
Hg(b — $)T2+1 H f, ”[z,b},oov Zf f/ € LOO[a7b]7
Hy(b—2)"*5 | f' lwtar if f' € Lala,b], a> 1,1+ 5 =1,

and W (x) should be seen as all four possible combinations.

Proof. It is similar to the proof of Theorem 3.2, so the details are omitted. O
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4. The case when f is convex and u monotonic
nondecreasing and bi-Holder

Before giving the case when f is convex and u is monotonic nondecreasing
and bi-Holder, we establish sharp lower and upper bounds for the remaining
differences as follows:

() 12/ f(@)du(z) — (u(b) — ufa))f(x) (4.1)

Qp(z) := [(u(b) — u(x))f(b) + (u(z) — u(a))f(a)] —/ f(@)du(z).  (4.2)

Theorem 4.1 If f : [a,b] — R is a convez function on [a,b] with f'(b) and
fi(a) finite, and v : [a,b] — R is monotonic nondecreasing and bi-Holder
function on |a,b], that is,

Liy—2) <uly) —u(z) < Ly—=z), for z<vy, z,y€lab], (4.3)

where L1, % > 0 and r > —1. Then we have the following inequalities:

A — )LL) — ol = a) )
< () £ — =Bl — 2 L0) ~ Lile — o) @) (44)
and
]‘ r+1 p/ r+1 p/
A )~ Bl — (o)
< () € ——[Bb— 2 (B) — Lz — a) L (a)], (45)

“r+1

where Qy(x) and Qa(x) are defined by (4.1) and (4.2). The constant 1/(r +1)
18 sharp in both inequalities.
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Proof. First of all, we give the proof of inequality (4.4). It is easy to see
that for any locally absolutely continuous function f : [a,b] — R, we have the
identity

[ttty = wl@)r e+ [ () - uie o
= (u(t) ~ u(@) (@)~ [ F)dutt) (10

for any = € (a,b), where f’ is the derivation of f which exists a.e. on (a,b).
Since f is convex, then it is locally Lipschitzian and thus (4.6) holds. More-
over, for any x € (a,b), we have the inequalities

f'(t) < f(z) for ae. t€[a,x] (4.7)
and
f'(t) > fi(z) for ae. te[z,b] (4.8)

If we multiply (4.7) by u(t) —u(a) > 0, t € [a,x] and integrate on [a, x|, by
(4.3), we get

[ @ — w0 < 1 @) [ ) - ue)at < 1 Lale - @y @)(09)

and if we multiply (4.8) by u(b) — u(x) > 0, t € [z,b] and integrate on [x,b],
by (4.3), we get

1
r+1

b b
/ (u(b) — u(t)) f'(D)dt > f(x) / (u(b) — u(t))dt > —— LA —2) L (x). (4.10)

If we subtract (4.10) from (4.9) and use the representation (4.6), we deduce
the first inequality in (4.4).
Since f is convex, then we have the inequalities
f'(t) > fi(a) for ae. t€ [a,x] (4.11)

and

f'(t) < f(b) for ae. te€ [z, (4.12)
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If we multiply (4.11) by u(t) — u(a) > 0, t € [a,z] and integrate on [a,x], by
(4.3), we get

[ o — w0 > 110) [ o)~ wa)it > 5 AG -0y ) (@413)

and if we multiply (4.12) by u(b) — u(z) > 0, t € [x,b], integrate on [z, b] and
integrate on [a, 2], by (4.3), we get

1

e LG). (414)

b b
/wa—mmf@mgfuw/kmw—wmﬁs

If we subtract (4.14) from (4.13) and use the representation (4.6), we deduce
the second inequality in (4.4).

Now we prove that the constant 1/(r + 1) is also the best possible in
inequalities (4.4). Consider the function fo(t) = k|t — (a + b)/2| which is a
convex function on the interval [a, b], where k > 0, ¢ € [a,b]. Then

L <a;b):—k, 1. (“;b>:k and fo(a;b)zo.

And up(z) = z, then 4 = % = r = 1. Thus we have f: fo(t)dt = k(b—a)?/2.
If in (4.4) we choose f = fy, u = up and = (a+b)/2. According to the proof
of the best possibility of the constant in Lemma 2.1 in [5], the sharpness of
the constant 1/(r + 1) in the inequality (4.4) is the best possible.

Secondly, we give the proof of inequality (4.5). It is easy to see that for
any locally absolutely continuous function f : [a,b] — R, we have the identity

b
+(U($)—U(a))f(a)—/ f@)du(t) (4.15)

for any = € (a,b), where f’ is the derivation of f which exists a.e. on (a,b).

Since f is convex, then it is locally Lipschitzian and thus (4.15) holds. The
following proof is similar to the proof of inequalities (4.4) and Lemma 2.1 in
6], so the details are omitted. O

In the following we give sharp lower and upper bounds for the remaining
difference (1.4) when f is convex and u is monotonic nondecreasing and bi-
Holder.
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Theorem 4.2 If f : [a,b] — R is a convez function on [a,b] with f' (b) and
fi(a) finite, and u : [a,b] — R is monotonic nondecreasing and bi-Holder
function on |a,b] defined by (4.3). Then we have the following inequalities:

St e~ ) )~ =) )] < W)
<

S — z—a)H (2) — Lb—2)T (2
a0 — ey 2@ — TS @) = AG o) L) (416)

where Vy(x) is defined by (1.3). The constant 1 is the best possible on both
sides of (4.16).

Proof. From Lemma 2.1,

(u(b) = u(@)®s(z) = (u(r) —ula))(f(z) - f(a))

Let = € (a,b), then, by the convexity of f, we have

(z—a)fL(z) = f(z) — fla) = (z — a) fi(a) (4.18)
and

(b—x)fL(0) = f(b) — f(z) = (b— ) fi(2). (4.19)
If we multiply (4.18) by u(z) — u(a) > 0 and (4.19) by u(b) — u(z) > 0, we
obtain

(u(x) = ula))(f(x) = f(a))
(u(z) —u(a))(z —a)fi(a)  (4.20)

(u(z) = u(a))(z —a)f ()

(AVARAYS

and

(u(b) — u(x)) (b — ) f2(b) (u(b) = u(x))(f(b) = f(x))

b) —u(x))(b—x)fi ().  (421)

(AVARAYS

=
—~

By (4.3), the above inequalities can rewrite

Lo(x —a)" L (2) > (u(z) —u(a))(f(2) = f(a)) > Lz — ) fi(a) (4.22)
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and
—Z1(b—2)" () > —(u(b) — u(@))(f(b) — f(z)) > —La(b—z) " fL(b). (4.23)

Finally, on adding (4.22) to (4.23), we deduce the desired result (4.16).

Now we prove that The constant 1 is also the best possible in inequali-
ties (4.16). Consider the function fo(t) = k|t — (a + b)/2| which is a convex
function on [a, b], where k > 0, ¢ € [a,b]. Then

f(/k (b) - _k’ f(l)+ ((I) = k’ f(l)* (a;—b) = _ka f(l)+ (a;b) :k'a

£ (“"2”)) —0 and fola) = folb) = W’;“).

And ug(z) = z, then 4 = % =r = 1. If in (4.4) we choose f = fo, u = uy
and x = (a+0b)/2. According to the proof of the best possibility of the constant
in Theorem 3 in [1], the sharpness of the constant 1 in the inequality (4.16) is
the best possible. O

5. Some applications

As applications, some bounds for the absolute value of the difference (1.4).

Proposition 5.1 If f : [a,b] — R is of bounded variation and u : [a,b] — R
is r-H-Holder continuous on |a,b]. Then

" b

\VICA R GRY

a

T; —

()] < o E(b—aw;m !

[u(b) = u(a)]

where p; > 0, Y " p; = 1, the constant 1/2 is also the best possible in both
branches of (5.1).

Proof. We use the third inequality in (2.5) to state:

a+b‘

L (u(b) = (@) f(0) + (u(zi) — ula)) f(a)
2 u(h) — ula
H 1 a+bl|l" b
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fori=1,2,--- ,n.

If we multiply (5.2) by p; > 0, sum over i = 1 to n, we deduce the desired
result (5.1).

The fact that 1/2 is the best possible follows from the fact that it is the
best possible for n = 1. O

In a similar manner, on utilizing the third inequality in (2.10), we can state
the following result:

Proposition 5.2 If f : [a,b] — R is L-Lipschitzian on [a,b] and u : [a,b] — R
is r-H-Holder continuous on |a,b]. Then

1 n
5(5 —a)+ ;pz‘

< HLb—a) '
DN @)~ uta)

where p; >0, > " pi = 1.

XTq — )

a+b
2

Finally, on utilizing the inequality in (3.3), we can also state that:

Proposition 5.3 If f is absolutely continuous on [a,b], u : [a,b] — R is
r-H-Holder continuous on [a,b]. Then

@y ()] < Wﬁlu(aﬂ [Z(l‘z —a)" | f Nawa +Z(b—$iy £

i=1

[zi,b],1 | »

where p; >0, > " pi = 1.
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