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1. Introduction

Let H(U) be the class of analytic functions in the unit disk U = {z € C : |z] <
1} and let Hla,n| be the subclass of H(U) consisting of functions of the form:

f(z)=a+a,z"+apn 12", (a€C). (1.1)
Also, let A be the subclass of H(U) consisting of functions of the form:

f(2) =24 a2 + ..., (1.2)

and Let S* denote the starlike subclass of A.If f, g € H (U), we say that f is
subordinate to g or f is superordinate to g, written f(z) < g(z) if there exists
a Schwarz function w, which (by definition) is analytic in U with w(0) = 0
and |w(z)| < 1 for all z € U, such that f(z) = g(w(2)), z € U. Furthermore, if
the function ¢ is univalent in U, then we have the following equivalence, (cf.,
e.g.,[3], [13] and [14]):

f(2) < g(2) & f(0) = g(0) and f(U) C g(U).

Let ¢ : C* x U — C and h(z) be univalent in U. If p(2) is analytic in U
and satisfies the first order differential subordination:

o (p(2).20 (2)52) < h(2), (1.3)

then p(z) is a solution of the differential subordination (1.3). The univalent
function ¢ (z) is called a dominant of the solutions of the differential subordi-
nation (1.3) if p (z) < ¢ (z) for all p (z) satisfying (1.3). A univalent dominant
¢ that satisfies ¢ < ¢ for all dominants of (1.3) is called the best dominant. If
p(2) and ¢ (p(2),2p (2);z) are univalent in U and if p(z) satisfies first order
differential superordination:

h(z) <6 (p().2p (2):2). (1.4)

then p(z) is a solution of the differential superordination (1.4). An analytic
function ¢ (z) is called a subordinant of the solutions of the differential su-
perordination (1.4) if ¢ (z) < p(z) for all p(z) satisfying (1.4). A univalent
subordinant ¢ that satisfies ¢ < ¢ for all subordinants of (1.4) is called the
best subordinant.
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For complex parameters aq, ..., a4;b1,...,0s (bj ¢ Zg ={0,—1,-2,...}; j =
1,...,s ), we define the generalized hypergeometric function
oFs (a1, .. a4, ... a4; by, .., bg; 2) by ( see [18] )the following infinite series:

= (ay), ... (ag), 2"
o1y ey QoG bry oy by 2) = Y ol 0n = L.
q s(ala 3 Agy oeey Qg 015 -0y 572) Z (bl)n(bs)n n! ( 5)

(g<s+1;q,s e Ng=NU{0};z€U),

n=0

where (x), is the Pochhammer symbol ( or the shift factorial ) defined, in
terms of the Gamma function I'; by

_F(x—i—n)_ (n=0),

1
@ =T = { z(@+1)..(x+n—1) (neN).
Dziok and Srivastava [7] ( see also [8]) considered a linear operator
H(ay,...;a4;b1,...,05) : A— A

defined by the following Hadamard product:

H(ay,...;ag;01,...,05) f (2) = h (a1, ..., a4, ...y ag; b1, o bs; 2) % f(2),  (1.6)
where

hay, ..., .., Qg3 b1, . bs; 2) = 2 o Fy (a1, ..., a4, ... ag; be,y .., bg; 2) (1.7)

(¢<s+1;q,s€Ny;z€U).
if f(z) € Ais given by (1.2) ,then we have

~(ag), 4 .
3 (1)n_1a 2 (1.8)

H(ay,...,a4;b1,...,05) f(2) = 2z + Z (blga1)1n:1(.l;

If, for convenience, we write
Hq,s [al; bl] = H(Cl,l, ceey aq; b17 ceey bs)a

then one can easily verify from the definition (1.6) or (1.8) that

2(Hys[a1:01) f(2)) = arHyy lag + 1 b1] f(2) — (a1 — 1) Hy o [ar; b1] f(2), (1.9)
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and

2 (Hys [ar; by + 1] £(2)) = biHy s [a1; 1] £(2) = (b1 = 1) Hy s [ag; by + 1] £(2).
(1.10)
It should be remarked that the linear operator Hy s [a1; 1] is a generaliza-
tion of many other linear operators considered earlier. In particular, for f € A,
we have

(1) Hap(a,byc)f(z) = (I2°f) (2) (a,b € C;c ¢ Zy ), where the linear opera-
tor I®* was investigated by Hohlov [9];

(i) Ho1(0 +1,1;1)f(2) = D°f(2)(0 > —1), where D? is the Ruscheweyh
derivative of f(z) (see [16]);

(i) Hoa(p+ L1ip+ DF() = Fu£)() = £ [Zmtf(o)dt (i > —1),
where F,, is the Libera integral operator (see [11] and [1]);

(tv) Haq(a,1l;¢)f(2) = L(a,c)f(2)(a € R;c € R\Z; ), where L(a,c) is the
Carlson-Shaffer operator ( see [4]);

(vi) Hoy(A+1,¢;a)f(2) = IMa,c) f(2)(a,c € R\Zy; A > —1), where I*(a, ) f (2)
is the Cho-Kwon-Srivastava operator ( see [5]);

(vit) Hoa(p, A+ 1)f(2) = Lyuf(2)(A > =1;u > 0), where I, f(z) is
the Choi-Saigo—Srivastava operator [6] which is closely related to the
Carlson—Shaffer [4] operator L(u, A + 1) f(z).

(vit) Hy1(1,1;n+1)f(2) = I, f(2)(n € Ny), where I,, f(z) is Noor operator of
n — th order (see [15]).

Definition 1. The function f € A belongs to the class Sy (a1;b;) if and
only if H,s[a1;01] f(2) € S* for z € U.

Definition 2. The function f € A belongs to the class Cy; (aq;b1) if and
only if there exists g € S , (a1;b1) such that

2 (Hys laribi] £(2)) .
%{ mAmmwv>}>0 Fea
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In this paper, we obtain sufficient conditions for normalized analytic func-
tions f, g satisfy

2 (Hys [ar; b f(2))
Hy s [ay;01] g(2)

¢ (2) < < q2(2),

where ¢; (z) and ¢o (2) are given univalent functions in U.

2. Definitions and Preliminaries

In order to prove our subordinations and superordinations, we need the fol-
lowing definition and lemmas.

Definition 3. [14]. Denote by @, the set of all functions f that are analytic
and injective on U\ E(f), where

B) = {c€ v tim f ) = oo

and are such that f' (¢) # 0 for ¢ € OU\E (f).
Lemma 1 [14]. Let q(2) be univalent in the unit disk U and 6 and ¢ be
analytic in a domain D containing q(U) with ¢ (w) # 0 when w € q(U). Set

U(2) =2q (2) p(q(2)) and h(z)=0(q(2))+¢(2). (2.1)

Suppose that
(1) ¥ (2) is starlike univalent in U,

() 3%{2”“)} >0 forzel.

¥(2)
If p(2) is analytic with p(0) = q(0), p(U) C D and

0(p(2)) +2p (2) 0 (p(2)) <0(q(2) + 24 (2) ¢ (q(2)), (2.2)
then p(z) < q(z) and q(z2) is the best dominant.

Taking 6 (w) = aw and ¢ (w) = « in Lemma 1, Shanmugam et al. [17]
obtained the following lemma.
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Lemma 2 [17]. Let q(z) be univalent in U with ¢q(0) = 1. Let o € C;
v € C* = C\ {0}, further assume that

R {1 + qu((;))} > max {0, R (%) } . (2.3)

If p(2) is analytic in U, and

ap (2) +72p (2) < aq(2) + 724 (2),
then p(2) < q(2) and q(z) is the best dominant.

Lemma 3 [2]. Let q(z) be convex univalent in U and ¥ and ¢ be analytic in
a domain D containing q(U). Suppose that
NI EACO)!
(i) 5}?{ PeE) } >0 forzeU,
(i1) W (2) = 2q (2) ¢ (q(2)) is starlike univalent in U.
If p(z) € H[q(0),1] N Q, with p(U) € D, and ¥ (p(2)) + 2p (2) ¢ (p(2)) is
univalent in U and

9(q(2)) + 24 (2) 6 (a(2)) <9 (p(2)) +2p (2) 6 (p(2)) (2.4)

then q(z) < p(z) and q(2) is the best subordinant.

Taking ¥ (w) = aw and ¢ (w) = v in Lemma 3, Shanmugam et al. [17]
obtained the following lemma.

Lemma 4 [17]. Let q(z) be conver univalent in U, q(0) = 1. Let a € C;
v €C* and R (%) > 0. If p(z) € H[q(0),1]NQ, ap (2) +vzp (2) is univalent
in U and

aq (2) +72¢ (2) < ap (2) + 721 (2),
then q(z) < p(z) and q(z) is the best subordinant.

3. Sandwich Results

Theorem 1. Let q(z) be univalent in U with ¢(0) = 1, and v € C*. Further

assume that
R {1 + Zj(g) } > max {o, R (%) } . (3.1)
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If f,g € A, Hy s [a1;b1] g(2) # 0, satisfy the following subordination condition:

(g elarhi ]S () {1 o ll L AHasanie) z(Hq,s[al;bﬂg@))’]}
(

Hy,s[a1;b1]9(2) (Hy s[a1;01]f(2)) Hy,s[a1;b1]9(2) (3.2)
< q(2) +72q (2),
then )
z (Hqs [al; bl] f(Z))
: <q(z 3.3
Hyola b)) &
and q (z) is the best dominant.
Proof. Define a function p(z) by
H, la;b /
p(Z):Z( 49 [al 1]f(2)) (ZGU). (34)

Hy s [ar;0r] 9(2)

Then the function p(z) is analytic in U and p(0) = 1. Therefore, differenti-
ating (3.4) logarithmically with respect to z and using the the subordination
condition (3.2), we get

p(2) +72p (2) < q(2) +72q (2).

Therefore, the assertion (3.3) of Theorem 1 now follows by an application of
Lemma 2. ]

Putting ¢(z) = }igz (-1 < B < A<1)in Theorem 1, we have the follow-
ing corollary.

Corollary 1. Let v € C* and

{152} mefoa ()}

If f, g e A, H,s[a1;01] g(2) # 0, satisfy the following subordination condition:

Sl ab £ Hyslan bl 9()

1+ Az (A—B)z
118z (1+B2)

2(Hy.oar;b1]f(2))
S lanla) {1 7

2 (Hysla b £() 2 (Hy, lag; b g<z>>’] }
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then .
2 (Hys[ar;01] f(2)) 1+ Az
H,sla1;01] g(2) 1+ Bz

1+ Az

N 18 the best dominant.

and the function
Taking A=1, B= —1and g € S}, (a1;b) in Corollary 1, we obtain

Corollary 2. Let v € C* with R (y) > 0. If g € A such that g € S}, (a1;b1),
and f,g € A satisfy the following subordination condition:

z(gq,s{al—le}f(z))l {1 oy |14 ZHuel0ibi] 72) 2 (e lariB)] g(z))/] }
o[BI (Hyslabi] f(2) Haslariba g(2)
142 z
1—z2 +,y(l—z)m

then f(z) € Cys (a1;b1) and this result best possible.

For g =2,s =1,y =a and b; = ¢ (a € R;c € R\Zy) in Theorem 1, we
have the following subordination for Carlson-Shaffer operator.

Corollary 3. Let q(z) be univalent in U with q(0) = 1, and v € C*. Further
assume that (3.1) holds. If f,g € A, L(a,c)g(z) # 0, satisfy the following
subordination condition:

1+ -

2 (L(ac) f(2))
{1 L (L (a,c) f(z))/ L(a,c)g(z)

, 2(L(a,) f(2))  =(L(a,c)g(2))
L(a,0) g(2)

< q(2)+72q (2),

then /
z(L(a,c) f(2))
L(a,c)g(2)

and q (z) is the best dominant.

< q(2)

Forq=2s=1,a, =X+1,a0 =cand by = a (a,ceR\Za;)\ > —1) in
Theorem 1, we obtain the following subordination for Cho-Kwon-Srivastava
operator.
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Corollary 4. Let q(z) be univalent in U with q(0) = 1, and v € C*. Further
assume that (3.1) holds. If f,g € A, I*(a,c) g(z) # 0 , satisfy the following
subordination condition:

1"

2 (I* (a,¢) f(z))/ e z (I (a,c) f(2)) R (1> (a,c)g(z))/

I* (a,¢) g(2) (I* (a,¢) f(2)) 1*(a,c) g(z)

< q(2)+72q (2),

then

I

z (I’\ (a,c) f(z))
ooy 4%

and q (z) is the best dominant.

Forg=2,s=1,a1 = p,as =1land by = A+1 (A > —1; u > 0) in Theorem
1, we have the following subordination for Choi-Saigo-Srivastava operator.

Corollary 5. Let q(z) be univalent in U with q(0) = 1, and v € C*. Further
assume that (3.1) holds. If f,g € A, I,,9(2) # 0, satisfy the following

subordination condition:

2 (Lf(2) 2 (hyg(2)

hugl2) {H” @) ha) ””( AR
then ,
ha(z) 1)

and q (z) is the best dominant.

Remark 1. Taking ¢ = 2,s = 1,ay = ap = 1 and by = n+ 1 (n € Ny)
in Theorem 1, we obtain the subordination result of Ibrahim and Darus |
10,Theorem 2] for the Noor operator.

Now, by appealing to Lemma 4 it can be easily prove the following theorem.

Theorem 2. Let q(z) be conver univalent in U with q(0) = 1. Let v € C
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!

with R (y) > 0. If f,g € A such that 2MHgslarbi)J(z) o HI1,1]NnQ,

Hg,s[a1;b1]g(2)

2 (Hys [a1;b1] £(2))’ 2 (Hyslas i) £(2)) 2 (Hys [ars b g(2))’
Hysla1;01] g(2) {1+7{1+ (Hys [a1;01) f(2)) Hysla1;01] g(2) ]}

1s univalent in U, and the following superordination condition
q(2) +72q (2)

2 (Hys [a: ] £(2))’ 2 (Hys larsbi] £(2) 2 (Hys [an;b1] 9(2))
A Hy s [a1;b1] g(2) {1 A {1 " (Hys[ar; 1] f(2)) Hy s [a1;b1] g(2) ] }

holds, then

2 (Hy s ar; bi] f(z))/

1) 2 g, Jabl g(2)

and q (z) is the best subordinant.

Taking ¢(z) = % (=1 < B < A <1)in Theorem 2, we have the following
corollary.

Corollary 6. Let v € C with ®(y) > 0. If f,g € A such that

/

z (Hys [ar; 0] f(2))
Hy s lay; bi] g(z)

2 (Hys a1; 1) £(2)) 2 (Hyg laribn] £() 2 (Hys [ax;b1] 9(2))
Hg s [a1;b1] g(2) {ny{H (Hys[ar;b1] f(2)) Hgs [a1;61] g(2) ”

€ H[1,1]NQ,

1s univalent in U, and the following superordination condition
144z 4  (A-B)z

1+B= (1+Bz)?
2(Hys[arb1)(2)) (Hyularbi)f ) (Hyularbilo))
< HZ,s[aubl]g(Z) {1 + |:1 + (H:,s[aubﬂf(Z))/ HZ,s[a1;b1]g(Z) :| } holds,
then

14+ Az z(Hys|ar;bi] f(z))/
14+ Bz H, g lay;bi] g(2)

and q (z) is the best subordinant.

Forg=2,s=1,a1 =aand by = ¢ (a eR;ce R\Za) in Theorem 1, we
have the following superordination result for Carlson-Shaffer operator.
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Corollary 7. Let q(z) be convex univalent in U with q (0) = 1. Let v € C

’

with R (3) > 0. If f,g € A such that 2Z=9TE € H[1,1]nQ,

b (L(a,c)f(z))/ a L(a,c)g(z)

2(L(a.0) f(2) {1+7

2(L(a,) f(2))  =(L(a,c)g(2))
L(a,0) g(2)

1s univalent in U, and the following superordination condition

q(z) +72q (2)

2 (L(a,c) f(2)) 2(L(a,0) () 2(L(a,0)g(2))
AR PIE) {1” o) Laa) ”
holds,
then

2 (L(a,c) f(2))
L{(a,c)g(2)

q(z) <
and q (z) is the best subordinant.

Forq =2,s = 1,04 = A+ 1,as = cand b; = a (a,cER\Za;)\> —1)
in Theorem 2, we obtain the following superordination result for Cho-Kwon-
Srivastava operator.

Corollary 8. Let q(z) be convex univalent in U with q (0) = 1. Let v € C

z )\G/C 4
with R (3) > 0. If f,g € A such that % e H[1,1]nQ,

z (I (a,c) f(z)), z (I (a,¢) f(z))” oz (I*(a,c) g(z))/
I (a,c) g(z) Lo (I* (a,¢) f(z)) I’ (a,c) g(2)

1s univalent in U, and the following superordination condition

q(2) +7v2q (2)
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holds, then /
z (IA (a,c) f(z))
I (a,c) g(z)

q(z) <
and q (z) is the best subordinant.

Forg=2,s=1,a1 =pu,as =1land by =X+1 (A>—1;u > 0) in Theo-
rem 2, we have the following superordination result for Choi-Saigo-Srivastava
operator.

Corollary 9. Let q(z) be convex univalent in U with q(0) = 1. Let v € C

’

with R (y) > 0. If f,g € A such that Zq:‘:—g((z? e H[1,1]NQ,
2 (Il (2)) t(Duf(2) 2 (D))
Iu9(2) {1 ot (I)\’“f(z))l Iu9(2) ] }

1s univalent in U, and the following superordination condition

D f(2) 2D f(2) 2 (g(2)
q(z)+vzq (2) < —]/\,MQ(Z) {1 +7 1+ (nf(2)) I ,.9(2) ] }
holds, then /
z ([)\,uf(z))
1 (Z) B I)\,ug(z)

and q (z) is the best subordinant.

Remark 2. Taking ¢ = 2,s = 1,44 = as = 1 and by = n+ 1 (n € Ny)
in Theorem 2, we obtain the superordination result of Ibrahim and Darus |
10, Theorem 4] for the Noor operator.

Combining Theorem 1 and Theorem 2, we get the following sandwich the-
orem.

Theorem 3. Let ¢;(z) be conver univalent in U with ¢; (0) = 1(i =1,2),

’

. — z(Hg sla1;b z
v € C with R (y) > 0. [ff,geAsuchthat%eH[l,l]ﬂQ,

2 (Hys [ar; 1] £(2))’ 2 (Hys lansbi] £(2) 2 (Hys [ar;b1] 9(2))
Hgy s [a1;01] g(2) {H’Y{H (Hys [ar; 1] f(2)) Hg s [a1;01] g(2) ”
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15 univalent in U, and

0 (2) + 724 (2)
(g [or: 1] £(2)) {1 ‘s [1 L 2 (Hy b 1) 2 (g [al;bﬂg(z»’] }

<

Hg s [a1;b1] g(2) (Hyolan:bi] f(z)) Haslorsbalg(2)

< @2(2) +720: ()
holds, then

2 (Hys [ar; b f(2))
Hy [ay: by g(2)

and ¢, (2) and g2 (2) are, respectively, the best subordinant and the best domi-
nant.

< q2 (%)

q (2) <

Taking ¢i(z) = 1552 (i =1,2;—1 < By < B; < A; < Ay < 1) in Theorem

3, we have the following corollary.

Corollary 10 Let v € C with R (%) > 0. If f,g € A such that

(Hyslor 1)z
T € H[L1NQ,

2 (Hys [a1;b1] £(2))’ 2 (Hyslas i) £(2)) 2 (Hys [ars b g(2))’
Hysla1;b1] g(2) {1+7{1+ (Hys [a1;01) f(2)) Hgs[a1;01] g(2) ]}

15 univalent in U, and

1+ Alz ( Bl)
1+ B1z (1+ Blz)
L 2] Hyslasb) £(2) 2 (Hys lars ) g(2)
Hg s [a1;01] g Hg . lar;b1] £(2)) Hy,s [a1;01] g(2)

14 Asz ’}/ 2)
1+ Byz ( +Bgz)

holds, then
14+ A1z z(Hysla;bi] f(2)) 14 Asz
1+ Bz H,sla1;01] g(2) 1+ Bsz

1+A12 1+ Aoz
14Biz and 14 Baz

are, respectively, the best subordinant and the best domi-

and
nant.




110

M. K. Aouf and T. M. Seoudy

Remark 3. Combining (i) Corollary 3 and Corollary 7; (ii) Corollary 4 and
Corollary 8; (iii) Corollary 5 and Corollary 9, we obtain similar sandwich
theorems for the corresponding linear operators.

Remark 4. Taking ¢ = 2,s = 1,a; =as =1land by =n+1 (n €Ny) in
Theorem 3, we obtain the sandwich result of Ibrahim and Darus | 10, Theorem
6] for the Noor operator.

Acknowledgement: The authors are grateful to the referees for their valu-
able suggestions.
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