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Abstract

Motivated by the success of the familiar Dziok-Srivastava and the
Owa-Srivastava linear operators, we introduce here a unified presenta-
tion of them. By means of this new linear operator, we then define and
investigate a class of analytic functions. Finally, we determine coeffi-
cient estimates, sufficient condition in terms of coefficients, maximiza-
tion theorem concerning of coefficients and radius problem of functions
belonging to this class.

Keywords and Phrases: Dziok-Srivastava Operator, Owa-Srivastava Oper-
ator, Subordination, Hadamard product, Generalized hypergeometric function,
Complex order, maximization.

1. Introduction

Let A denote the class of functions f(z) of the form
) =24 aa", (1.1)
k=2

which are analytic in the open unit disk U={z € C: |z| < 1}.
Given two functions f, g € A, where f(z) is given by (1.1) and ¢(z) is given
by

g(2)= z+2bk2k,
k=2

the Hadamard product (or convolution) f * g is defined (as usual) by
(fx9)(z) =2+ abz* = (9% f)(z), z€U.
k=2

For two analytic functions f and g, we say that the function f(z) is sub-
ordinate to g(z) in U, and write

f(z) <g(z)  (2€0),
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if there exists a Schwarz function w(z), analytic in U with w(0) = 0 and
|lw(z)| < 1 such that

f(z) = g(w(z)) (2 €U).

In particular, if the function ¢ is univalent in U, the above subordination
is equivalent to
f(0)=9¢(0) and f(U) C g(U).
See also Duren [8].
Fora; e C (j=1,2,.q) and 3; e C\Z; ; Zy ={0,—1,-2,...} (5
1,2,...s) the generalized hypergeometric function ,Fi(ou, ..., ag; 51, ..., Bs; 2) 18

defined by

] ) . (al)k...(aq)kz_k
oFslan, . o By, Bss 2) = z% (AN
(g<s+1, ¢s € Ng=1{0,1,2,..} =NU{0}).

Here, and in what follows, (k),, denotes the Pochhammer symbol (or shifted
factorial) defined, in terms of the Gamma function I", by

o]
k=

_I'(k+n) 1 n=0,k#0
(k) = I'(k) _{/-i(/-i%—l)...(/@—i—n—l) neN.

For the function

h’(ab "'aaq;ﬂlv -"768; Z) = Zqu(ala --~7aq5617 75872)

the Dziok-Srivastava linear operator [5] (see also [6] HZ(ax, ..., ag; b1, ..., Bs; 2)
is defined by the following Hadamard product (or convolution) :

Hg(ala ) aq; /817 s 687 Z)f(Z) = h(ala ) aq; 617 LS /687 Z) * f(Z)

— . (Oél)kfl...(Oéq)kfl 1 a Zk
= BB o™

For notational simplicity, we write

Hi(on,...,aq; B, ..., Bs; 2) f(2) = Hi(aq, B1; 2) f(2).

k=2
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The fractional derivative of order v is defined [9], for a function f , by

TR / @) )
where the function f is analytic in a simply-connected region of the complex
z-plane containing the origin and the multiplicity of (z — &)~” is removed by
requiring log(z — &) to be real when (z — &) > 0.

Using DY f Owa and Srivastava [10] introduced the operator Q7 : A — A,
which is known as extension of fractional derivative and fractional integral, as
follows

Vf(z)=T(2- )zVD'Yf( ), v #2,3,4,...
N k+1 -1,

Note that Q°f(2) = f(z2).
We define the linear multiplier fractional differential operator D" (v, B) f
A — A by

DS(au, B1) f(z) = Hi(au, Br; 2)* f(2)
Dy, B1)f(2) = (L= NQ (Hi(on, Bu; 2) = f(2))]

A (Y (0, s 2) * £(2)] (12)
Diﬁ(ah B1)f(z) = D3 (Diﬁ(@l, 51)f(2))

DTW(OZL Bi)f(z) = DX (DT_M(OQ, 51)f(2)) ) (1.3)

where v and A aren’t zero at the same time and m € Nj.

If f is given by (1.1), then by (1.2) and (1.3), we see that

DY (a, 1) f(2)

oo

D(k+1)T(2 ™ (o)1 loge_1 1 k
Z [ T(k+1- v)v L+AR =D G e (14)
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where m € Ng, A>0and 0 < v < 1.
Thus, after some calculations we obtain

ar DY (e, B1) f(z) = 2[DY" (e, B1) f(2)] + (an — 1) DY (an, i) f(2).

We note that by specializing b, A, B, \, v, «, § and m, we obtain the follow-
ing subclasses studied by various authors:

(i) For a choice of the parameter m = 0, the operator D?\’“’(&l, f1) reduces
to the Dziok-Srivastava operator [5].

(ii) For v =0, ¢ = 2, s = 1, a; = p; and ay = 1, we get the operator
introduced by Al-Oboudi [2].

21) for q = 2, s = 1, g = b1, ag = 1, = 0 and m = 1, we get

(iii) F 2 1 B 1, A = 0 and 1, we g
Owa-Srivastava fractional differential operator [10].

1v) For v = =2, s=1a =01, as=1and A =1, we get Salagean

(iv) For v = 0,q =2, 5 =1, a1 = By, as = 1 and A = 1, we get Silag
differential operator [4].

For various investigations based upon the Dziok-Srivastava linear operator
and Owa-Srivastava linear operator, the interested reader may be refereed to
many recent papers (see [5,6,10], [11,12,13]).

Using the operator DY""(ay, 1), we define following class. Let
HY"7 (b, o, B; A, B) be the class of functions f € A satisfying

1 (DT“”(al,ﬁl)f(Z) _ 1) Jitds g (1.5)

M\ D A () 1+ B

where < denotes subordination, b # 0 is any complex number, A and B are
arbitrary fixed numbers, —1 < B < A <1 and m € Nj.

By specializing b, A, B, A\, 7, a, 8 and m we obtain several subclasses stud-
ied by various authors in earlier papers (see for details [7], [1] ; see also the
references cited in each of these recent works).

We use A to denote the class of bounded analytic functions w(z) in U which
satisfy the conditions w(0) = 0 and |w(z)| < 1 for z € U.
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2. Coefficient Estimates

Theorem 1. Let the function f(z) defined by (1.1) be in the class
HY" (b, o, B; A, B) and let

(A= B)Jof?

¢= 2T, — 1)B(A — B)Re{b} + (1 — B?)(T), — 1)’

k=23 ....m—1

M = [G] (Gauss symbol), and [G] is the greatest integer not greater than
G.

(a) If (A — B)2[b|? > 2(T, — 1)B(A — B)Re{b} + (1 — B?)(T), — 1)2, then

1 (A= B)b— B(l'y_1 — 1)
la;| < , (2.1)
! \Ijj(rj)m,g Iy —1
for j =2,3,..., M + 2; and
M+3
(A= B)b— B(l'y_1 — 1)
jaj| < 5 T H - L (2.2)

for j > M + 2.
(b) If (A— B)?|b> < 2(T'y — 1)B(A — B)Re{b} + (1 — B*)(T';, — 1), then

(A = B)b|

|a;] < ‘}E;ngsgy- J =2 (2.3)

where
I'(k+1I(2—7) (a)r—1--(ge—1 1
Te= "Far1om) (A1) and = )
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Proof. Since f(z) € HY""(b, o, B; A, B), (1.5) gives

DTHN(%, B)f(z) = D", B) f(2)
= {[(A — B)b+ B|DY{"" (a1, 8) f(2) — BD;”H”(al, 5)f(z)} w(z) (2.5)

Now (2.5) may be written as

o0

> (T (T — 1)Tray2
k=2
— {(A —B)bz+ Y _[(A-B)b— B(Iy, - 1)] (Fk)m\lfkakzk} w(z),
k=2

which is equivalent to

o0
(k)™ Tk = D) rapz® + Y di2
2 k=j+1

]~

T

—

j—1
(A= B)bz+ > [(A—B)b— B(I), — 1)] (Fk)m\lfkakzk} w(z),
k=2

Since |w(z)| < 1, we have

] o0
> @)™ Tk — DWharz® + > diz”
k=2 k=j+1
-1
< |[(A-=B)bz+ Z [(A— B)b— B(I'}, — 1)] (T)"Wpay2"]| . (2.6)
k=2
It follows that
or | J oo 2
/ Z(Fk)m(I‘k — 1)\Ilkakzk + Z dkzk do
0 Jg=2 k=j+1
21 Jj—1 2
< / (A=B)bz+ Y [(A= B)b— B(Ty — 1)] (Tx)" Uray2*| db
0 k=2
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for z = re? (0 <r < 1). This gives us that

J 00
Z(Fk)Qm(Fk_1)2(\Ijk)2’ak|2T2k+ Z ’dk|27“2k

k=2 k=j+1
j—1

< (A= BB + ) [(A = B)b— B(Ty = 1) ()" (W5) s [*r*".
k=2

Let r — 17, then on simplification we obtain

< (A-BPBE Y {14 = B)p = BTy = D = (T = 12} (42" (94|,
k=2

()*™(T))™ = 1)%(W;)?|a |

(2.7)

for 7 > 2. Now there may be following two cases :

(a) Let (A—B)?|b|* > 2(Tx—1)B(A—B)Re{b}+(1—B?*)(I'y,—1)?, suppose
that j < M + 2, then for j = 2, (2.7) gives

|CL2|< (A_B)|b|
= Ty (T, — )0,

which gives (2.1) for j = 2. We establish (2.1) for j < M + 2, from (2.7), by
mathematical induction. Suppose (2.1) is valid for j = 2,3,...,(k — 1). Then
it follows from (2.7)

(T;)*™(T; — 1)2(‘1’j)2|aj|2

< (A=BYPP+ ) {I(A=B)b— By = I = (T — 1)°} (Tn)*" (V) |ax]?
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j—1

< (A=BY|bP*+) _ {I(A = B)b = B(ly = D" = () = 1)°} () *" (W)

1 (A= B)o— B(T,_1 —1)|?
e 1= 2=

= (A=B*P+{|(A— B)b — B(', = 1)* = (T, — 1) }_|f§ _Bl>)b|2

(A= B)b* (A—DB)b—B(I'; = 1)
(T, — 1)? (T; — 1)?

+{|(A= B)b— B(T3 — 1)]* — (T3 — 1) }'

+...

(A= B — BT, — )P — (0 - 1) [T A B)fr; - (f) — 1)
k=2

Thus, we get

1 & (A= B)b— BTy — 1)
0,;(T,)m g Ty —1

la;| <

which completes the proof of (2.1).
Next, we suppose j > M + 2. Then (2.7) gives

(T)™ (T =1)* ()% |a|* < (A=B)*|b|*

M+-2

+ > (A= B = BTy = " = (T — 1)} (T)*" () |an]?

+ > {l(A=B)b = By — 1" = (Tn = 1)*} (T)*" (Wg)?|ax
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On substituting upper estimates for as,as, ..., ap1o obtained above, and
simplifying, we obtain (2.2).

(b) Let (A— B)?|b|* < 2(T'y —1)B(A — B)Re{b} + (1— B?*)(T';, — 1)?, then
it follows from (2.7)

(T)*™(T5)™ = 1)%(¥;)?]a,]* < (A= B)?b*(j > 2),

which proves (2.3).

The bounds in (2.1) are sharp for the functions f(z) given by

(A—B)b

z(1+Bz) B~ ; B#0 }

zeacp(Afz); B=0

D" (o, B)f(2) = {

Also, the bounds in (2.3) are sharp for the functions fi(z) given by

(A—B)b
2(14+ B2)B3¢=0; B#0
D" (o, B) f(2) =
zexp <7)\(?f1)zk_1> ; B=0

3. A Sufficient Condition for a Function to be
in H\""(b,a, 5; A, B)

Theorem 2. Let the function f(z) defined by (1.1) and let

D)™ {(1 = B)(Tk = 1) + (A = B)Jbl} ylax| < (A= B)J (3.1)

holds where 'y, and Wy, are given by (2.4), then f(z) belongs to
HY (b, v, B; A, B).
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Poorf. Suppose that the inequality (3.1) holds. Then we have for z € U

| DY (o, B) f(2) — DY (o, B) f(2))]
— (A= B)bDY (ay, B) f(2) — BIDY ™ (o, B) f(2) — DY (o1, B) f(2)]]

i k — 1 ‘Ilkakzk

k=2

k=2 k=2

gz (T)™ (Tp — 1) Oy, ag| r*—(A—B) |b| r+(A—B) |b|z (Te)™ Uy, |ag| "
=2

k=2

Letting » — 17, then we have

}DTHN(%, B)f(z) — DY (au, 5)f(2)‘
— (A= B)bDY" (o, B) f(2) — BIDY 7 (a, B) f(2) — DY (an, B) f(2)]]

<) (Ty B)(I'y — 1) + (A = B)[b]] Vi |ax|—(A=B)[b] < 0

k=2

Hence it follows that
DY e B)f) g
D" (a1,8) f(2)

DT (a,8) f(2)
(A= B)b— B |G 1

<1l, z€U



12 Sevtap Stimer Eker, Bilal Seker, and Shigeyoshi Owa

Letting

DI @A)
DT (or,B)f(2)

D™ (ay,8)f(2) ’
(A=B)b =B | Bt a1

w(z) =

then w(0) = 0, w(z) is analytic in |2| < 1 and |w(z)| < 1. Hence we have

DY (an, B)f(2) _ L+ [B+b(A - B)|uw(z)

DY (en, B)f(2) 1+ Bw(z) ’
which shows that f(z) belong to HY""(b, v, 8; A, B). O

4. Maximization of |a3 — ua3]

We shall need in our discussion the following lemma:
Lemma 1.([3]) Let w(z) = > o, 2" be analytic with w(0) = 0 and
lw(z)| < 1in U. If p is any complex number , then

e — 2| < maz {1, ]} (4.1)

Equailty in (4.1) may be attained with the function w(z) = 2? and w(z) = z
for || < 1 and |u| > 1, respectively.

Theorem 3. If a function f(z) defined by (1.1) be in the class HY"" (b, o, 5; A, B)
and p is any complex number, then

(A= B)bl
(Ty — 1)(T5 — 1)(T'5)™W¥

g — a3| < maz {1, |d]} (4.2)
3

where

(0y)" Ty—1 Uy  (A—B)b— B([y—1)

= A= B i o T, — 1 (W o1

The result is sharp.
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Poorf. Since f(z) € HY"(b,a, 5; A, B), we have

(o)) L nty
b\ DY (a1, B)f(2) 1+ Bw(z)’

1+

13

(4.3)

where w (2) = Y7o, 2" is analytic in U satisfies the condition w(0) = 0 and

lw(z)| <1 for z € U. From we have (4.3)

Dj\ner(Oél’ B)f(z) — Dy (ay, B) f(2)

YO = AT B+ BIDY (an )7 — BDY (an, ) 2)
Z Fk —1 \Ifkakz -1

(A—B)b+ Z [(A—B)b— BT}, —1)] (Fk)mqjkakzk—l

k=2
> @)™ (T — D) Tharzt! > (A= B)b— B(Ty — 1)] (T) " Tparz"""
k:2 1+ k=2
(A—B)b (A—B)b

and then comparing the coefficients of 2 and 2z? on both sides, we have

. (A-B)p
“2 T M) (T, — )0, "
and
__(A-Bp f [A-Bp- B 1)
“*%R—MRW%{?+ (T2 1) 1}
Hence,
5 (A—B)b >
— paj = Ty = 1) — 1)(F3)m\113max {02 — dcl} ,
where
d= (A— B)bu (Ty)™ Ty—1 W3 [(A—B)b— B[ —1)]

(T2)?m Ty — 1)% (U2)2 Iy —1)

-1

(4.4)
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Taking modulus both sides in (4.4), we have

A — B)b|
— a3l < ( —dcj. 4.
|a3 M&Q‘ — (F2 . 1)<F3 . 1)(F3)m\113 ‘CQ dcl| ( 5)
Using Lemma 1 in (4.5), we have
A — B)|b|
0 = ) < =) 1 — )y 11
which is (4.2) of Theorem 3. O

Finally, the assertion (4.2) of Theorem 3 is sharp in view of the fact that
the assertion (4.1) of Lemma 1 is sharp.

5. Radius Theorem

Theorem 4 . Let the function f(z) defined by (1.1) be in the class
HY (b, e, B3 A, B). Then

Re { DY, §)1(2)

D (0, B) £ (2) }>O forlel < rm.

where
2
Ty = -, (5.1)
|b|(A — B) + [|b|>(A — B)2 + 4B{(A — B)Re(b) + B}|?
such that
b]*(A — B)? +4B{(A — B)Re(b) + B} > 0. (5.2)

The result is sharp.
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Poorf. Since f(z) € HY"(b,a, 5; A, B), we have

1+1<DT“”whﬁﬁ@)_l)__P+Aw@)
b\ D (an, 9)f () ) T 1+ Bu()
= P(z2). (5.3)
It is well know that every function in the class P(A, B) is subordinate to
=22 and the transformation

1+ Aw(z)
(2) = 1+ Bw(z)

maps the circle |w(z)| < 1 onto the circle

1 — ABr? (A— B)r
— < . .
’P(Z) 1—B2r2| = 1— Br? (5.4)
Equations (5.3) and (5.4) yield
DY, B)1() 1= BE+HA= B[ BlA=Br
- 1—-B%2 '

D" (o, B) f(2) 1— 32,2
5)

Therefore, from (5.5) we have

_%{Dﬁﬂmmmﬂa}z1—wm—Bv—BKA—Bmdw+MH_

D;'W(al, B)f(z) 1 — B2y2
(5.6)

m—+1,
Hence Re {W} > 0 for |z| < r,, defined by (5.1).
by )

To show (5.1) is sharp, we let

and
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and obtain

1]

2]

[6]

[7]

8]

DY (an, B) fo(t) _ 1 —[bl(A = B)r — B[B + b(A - B)]r” .
DY (eu, B) fo(t) 1 — B2y2 . .
0
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