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Abstract

Making use of certain extended derivative operator of Ruscheweyh
type, we introduce a new class Jp,(A, i1, &) of meromorphic multivalent
function in the punctured disk D = {z: z € C, 0 < |2| < 1}, and obtain
some sufficient conditions for the functions belonging to this class.
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1. Introduction and Definitions

Let ¥(p) denote the class of functions of the form
fz)=2""+ Z apz"P (p € N), (1.1)
k=1
which are analytic and p—valent in the punctured unit disk

D={z: 2€C, 0< |z <1}

We denote by ¥*(p, ), Xk(p, ) and X.(p, ), the subclasses of the class
¥(p), which are defined (for 0 < a < p, p € N) as follows:

S (p, @) = {f: fesp), ® (‘i{?) > a} (zeD),  (1.2)

S(p, 0) = {f L fesp), R (—1 _ Z}f(z)) > a} (zeD), (1.3)

and

s ={r fespr(-53) >0l Gem aw

p

Note thet ¥*(p, ), Xk (p, @) and ¥.(p, @), are the well known subclasses of
Y(p) consisting of meromorphic multivalent functions which are respectively
starlike, convex and close-to-convex functions of order a(0 < a < p). Fur-
thermore ¥*(1, ) = ¥*(a), 2g(1,a) = Xg(a) and X.(1, ) = (), where
Y (), Yp(er) and X.(«r) are subclasses of (1) consisting meromorphic uni-
valent functions which are respectively starlike, convex and close-to-convex of
order a(0 < a < 1). We refer to Liu and Srivastava [2], Mogra [4], Raina
and Srivastava [5] and Xu and Yang [8] for related work on the subject of
meromorphic functions.

For f(z) € ¥(p) given by (1.1) and ¢g(z) € X(p) given by

g(z) =27+ bFP (peN), (1.5)
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the Hadamard product (or convolution) of f and g is defined by

(f*9)(z) =27+ ) ap b 27 = (f % 9)(2). (1.6)

k=1

The extended linear derivative operator of Ruscheweyh type for the func-
tions belonging to the class X (p)

D} X(p) — S(p),

is defined by the following convolution:

DMf(z) = ——wf(z)  (A\>-L feS(E).  (L7)

zp(l _ Z)/\H

In terms of binomial coefficients, (1.7) can be written as

s =ra S (M )asr asciseson g

In particular when A = n (n € N), it is easily observed from (1.7) and (1.8)
that
pro(z) - I

n!

The definition (1.7) of linear operator D}* is motivated essentially by fa-
miliar Ruscheweyh operator D?, which has been used widely on the space of
analytic and univalent functions (see for details, [7]). A linear operator D*?
analogous to D} (defined by (1.7)), was considered recently by Raina and Sri-
vastava [6] on the space of analytic and p—valent functions in U (U = DU{0}).
We remark in passing that a more general convolution operator then the op-
erator DM considered recently by Liu and Srivastava [2).

By using the operator D} (A > —p; p € N) given by (1.7), we now
introduce a new class of meromorphically p-valent analytic functions defined
as follows:

(n € Ny = NU {0}). (1.9)

Definition 1. A function f(z) € X(p), is said to be a member of the class
Tp(A\, p, o) if and only if

S (Di’pf@); tpl<p-a (1.10)
(= D271(2))"
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(zeD;peN; A>—1; pn>0; 0<a<p).
Note that condition (1.10) implies that

!/

o (DM(2)

R s
(=2 D27f(2))

> . (1.11)

It is obvious that
J0.2,0) =S (p0)  and  J(0,1,0) = Selp.a).

The object in the present paper is to obtain some sufficient conditions of
functions belonging to the above defined subclass J,(A, p, a).

2. Main Results

In our present investigation of the function class J,(A, pu, ) (A > —=1; pu >
0; 0 < a < p), we shall require the following Lammas.

Lemma 1(see, [1]). Let the nonconstant function w(z) be analytic in U, with
w(0) = 0. If lw(z)| attains its mazimum value on the circle |z| =r <1 at a
point zo € U, then
/
zow'(29) = kw(zo),

where k > 1 s a real number.

Lemma 2 (see, [3]). Let S be a set in the complex plane C and suppose
that ¢(z) is a mapping from C* x U to C which satisfies ®(ix,y;z) & S for
all z € U, and for all real x,y such that y < —(1 + z%)/2. If the function
q(z) =1+ qz + @2* + -+ is analytic in U such that ¢(q(z), 2¢'(z); z) € S
for all z € U , then R (q(z)) > 0.

Making use of Lemma 1, we first prove

Theorem 1. Letp € N, v >0, A > —p, 4 >0 and 0 < a < p. If
f(z) € X(p) satisfies the following inequality

T A1)

~(n-1) (p B0 ) o [ ZEAPE)

(D25()) D] () (e D22s(2)"

+p
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(p—a)(y(2p —a)+1)
< o , (2.1)

then f(z) € J,(\, p, @).
Proof. Define the function w(z) by
2 (D7 ()
-1
(#D21(2))"

= —p+ (@ —puw(z), (2:2)

then w(z) is analytic in U and w(0) = 0. Differentiating logarithmically both
sides of (2.2) with respect to z, we get

2 (Df(2)" _1( Z(Di’pf(Z))'>_ (—a)zu'(z)
(271(2)) SO e

Now using (2.2) in (2.3), we find that

p+1+

/

1 2P <p+ 2 (Df(2)) )_7 o (DMf(2)

<Di"pf(z)>/ Di‘vpf(z) (zp Di\,pf(z))ﬂ—l +p

(p — o) zw'(2)

=vp—a)w(z)+ . 2.4
P = a(e) 24
Let us suppose that there exist zg € U such that
ALzl <) [w(2)| = |w(z0)] = 1,
and apply Lemma 1, we find that
zow'(20) = kw(zp) (k>1) (2.5)

writting w(z) = € (0 < § < 27) and setting z = z, in (2.4), we get

pt1+2 (D27 f(20))" (n—1) <p+ 20 (D27 f(=0)) ) —7 6 (D] ()

(D277 (20)) DM (o) o) +p
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(p— oz)k:ei‘9
p+(p—a)e?

(p — )k )

> R ()

> y(p—a)+ —(2];__02

(p—a)(y(2p—a)+1)
2p — «

= 'v(p —a)e’ +

Y

which contradicts our assumption (2.1). Therefore, we have |w(z)| < 1 in U.
Finally, we have

(DI f(2)
(2D f(z)!

+p|=p - Juw(z)| = (p — a)|w(z)]

<p—a« (z € U), (2.6)
that is f(z) € J,(\, p, ). This proves the Theorem 1.

Theorem 2. Letp € N, A > —p, p >0 and 0 <0 < p. If f(z) € X(p)
satisfies the following inequality

P+l (D)"pf > ) P (Di‘pf P )
(Zp D’\pf( )) ! <Zp D;\,pf( )

2 (Df(z)  2(DMf(2)"
D f(2) (D2 f(z))'

R T e=1)
1 1
>0 (6—1— 5) Tt (5(,u 2) — 2) ) (2.7)
then f(z) € Jp(\, u, 6).
Proof. Define the functions ¢(z) by
p+1 AP
SARECAS LTS B L 29
(= D271(2))

then we see that ¢(z) = 1+¢q 2+ ¢2?+ ... is analytic in U. Now differentiating
both sides of (2.8) with respect to z logarithmically, we get

b
) /
I

2 (DM f(2))"

(227 5(2))

2 (D f(2))

d+(p—=908)qz) | 1+ DY)

+ (1= p)
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= (P —0)2q'(2) +p(p =20+ (p—d)g(z)].  (29)
¢From (2.8) and (2.9) we have

(D512 (1 o) (Di’pf(z))/)

(Zp Di,pﬂ,z))/ﬁ (Di\7pf(z)>, DY f(z)
= (p—0)2q'(2) + p(p = 2)[0 + (p = 0)a(2)). (2.10)
Again using (2.8) in (2.10), we find that
SHDf(E) | HDfE) [, 2 (PFE)T 2 (DX f(2))
e I o -~ =)=
() -t -

= (p—0)zd'(2) + (p = 6)*¢*(2) + (p — 9)[26 + p(p — 2)|q(2) + pd(p — 2) + &
= ¢(q(2),2q'(2); 2),
where
B(r,s,2) = (p—08)s+(p—9)*r*+ (p—0)[20 +p(u—2)]r +pd(u—2) + 6. (2.11)
For all real z,y satisfying y < —(1 + 2?)/2, we have
R (¢(iz,y,2)) = (p—=08)y+(p—06)*" +pd(u—2)+6
S 30—+~ (0 )%+ 0p(u—2) + 6

—%(p—é)—(p—& <%+p—5)x2+5p(u—2)+52

1
< op(p=2)+0° =5 —9)

= 5(5+%> +p(5(u—2)—%)-
S:{w: %(w)>5((5+%> +p(5(u—2)—%)}7

then ¢(q(2),2¢'(2);2) € S and ¢(iz,y;z) ¢ S for all real x and y < —(1 +
2?)/2, z € U. By using Lemma 2, we have ® (g(z)) > 0, that is f(z) €
Tp(A, p, 9). This proves the Theorem 2.

Let
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3. Some Consequences Of Main Results

Among various intersting and importent consequences of our Theorems 1 and 2
we mentioned here some of the corollaries relating subclasses ¥*(a), 3. (), X*
and X, which are easily deduciable from the main results.

Firstly, if we take A = 0 and u = v = p = 1, then Theorem 1 gives the
following result

Corollary 1. If f(z) € ¥ satisfies the following inequality

zf”(z)
f'(z)

then f(z) € ¥.(a).

(1-a)(3—a)
2—«

0<a<1),  (3.1)

—22f(2) + 1' <

Further setting a = 0 in Corollary 1, we get
Corolary 2. If f(z) € X satisfies the following inequality

2f"(2)
f'(2)

then f(z) € ¥, (X. = £.(0)).

3
2 3.2
<3 (3.2)

—22f(2) + 1

Again if we set A\ =7y =a =0 and g =p =1 in theorem 1, we get
Corolary 3. If f(z) € X satisfies the following inequality

2f"(2)
f'(2)

1
+ 2’ <3 (3.3)

then f(z) € 3.
Also for A\ =9 =0 and p = p = 1, Theorem 2 gives
Corolary 4. If f(z) € X satisfies the following inequality

1
RS, () - 1) =2} > =3, (3.4)
then f(z) € ..
Again on setting p =2, y=p=1and A =0 in Theorem 1, we get
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Corollary 5. If f(z) € ¥ satisfies the following inequality

f"(2)  2:f(2)
ZONND)

then f(z) € ¥*(a).
On further setting a = 0 in Corollary 5, we get

(1-a)3—a)
2—«

(0<a<l),

Corollary 6. If f(z) € ¥ satisfies the following inequality

2f"(z)  22(2)
ZONNID)

then f(z) € ¥* (¥* = £*(0)).

3
27

Alsolet p=2, p=1and v =a = A =0 in Theorem 1, we have

Corollary 7. If f(z) € ¥ satisfies the following inequality

2f"(z) _ zf(2)
') f(2)

1
1| < =
#1| <3

then f(z) € ¥*.
For y =2, p=1and 6 = A =0, Theorem 2 gives
Corollary 8. If f(z) € ¥ satisfies the following inequality

. [fo(z) {sz’(z) 2f"(2) _1}

) L) )

>1
9’

then f(z) € X*.
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