
Tamsui Oxford Journal of Mathematical Sciences 25(2) (2009) 119-140 
Aletheia University 
 

 

Improvements and Generalizations of Some 
Euler Grüss Type Inequalities and 

Applications* 
 

Dah-Yan Hwang† 

Department of Information and Management, 

 Technology and Science Institute of Northern Taiwan,  

No. 2, Xueyuan Rd., Peitou, 112 Taipei, TAIWAN, R.O.C. 

 

Shiow-Ru Hwang‡ 

China institute of Technology, Nankang, Taipei, Taiwan 11522 

And 

Chung-Shin Wang 

Department of Mathematics, Aletheia University 

Received September 21, 2005, Accepted March 14, 2009. 

 

Abstract 

A sharp bound for some Euler-Grüss type inequalities are established and 
some applications are given.  

 

Keywords and Phrases: Euler formulae, Bernoulli polynomials, Grüss inequality, 
Simpson’s rule. 
                                                 
* 2000 Mathematics Subject Classification. 26D15. 
† E-mail: dyhuang@ntist.edu.tw 
‡ E-mail: hsru@cc.chit.edu.tw 



120     Dah-Yan Hwang, Shiow-Ru Hwang and Chung-Shin Wang 
 
 

1. Introduction 

Let [ ] Rbaf →,:  be such that ( )nf  ( )1≥n  is continuous on [ ]ba, and 
( ) ( ) n
n

n Mtfm ≤≤ , [ ]bat ,∈ , for some real numbers nm  and nM . In [1], M. Matić 
et al. proved the following inequality: 

( ) ( ) ( )[ ] ( ) ( )11

2
 

 342
mMabbfafabdttf

b

a
−

−
≤+

−
−∫ ,           (1.1) 

( ) ( ) ( ) ( )11

2
 

  342
mMabbafabdttf

b

a
−

−
≤⎟

⎠
⎞

⎜
⎝
⎛ +

−−∫ ,             (1.2) 

( ) ( ) ( )[ ] ( ) ( ) ( )[ ] ( ) ( )22

2
 

 

2

56122
mMabafbfabbfafabdttf

b

a
−

−
≤′−′−

++
−

−∫ ,   (1.3) 

and 

( ) ( ) ( ) ( ) ( )[ ] ( ) ( )22

2
 

 

2

524242
mMabafbfabbafabdttf

b

a
−

−
≤′−′−

−⎟
⎠
⎞

⎜
⎝
⎛ +

−−∫ .    (1.4) 

Further, in [2], C. E. M. Pearce et al. proved the following inequality, for 
:3,2,1=n  

 ( ) ( ) ( ) ( )⎥
⎦

⎤
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛ +

+
−

−∫ afbafbfabdttf
b

a 2
4

6
 

 
( ) ( )nn

n
n mMabC −−≤ +1 ,     (1.5) 

where 

12
1

1 =C , 
3024

1
2 =C , 

10596
1

3 =C . 

Recently, in [3], Lj. Dedić et al. established some inequalities of Euler-Grüss type 
to generalize all the above inequalities and improve the inequality (1.3) with the factor 

56
1  replaced by 

524
1 . Further, in [4], Xiao-Liang Cheng improve the inequalities 

(1.1), (1.2) and (1.4) with the factors 
34

1 , 
34

1  and 
524

1  replaced by 
8
1 , 

8
1  

and 
372

1 , respectively. The other inequalities of Euler type see [5, 6, 7]. 



Improvements and Generalizations of Some Euler Grüss Type Inequalities and Applications  121 

In this paper, using some Euler formulas, we shall establish some new 
generalization of all the above inequalities and improve inequalities (1.3) and (1.5). In 
section 4 and 5, we apply the obtained results to estimate the error bounds for 
composite quadrature rule and to apply for expectation. 

 
 
2. Some Identities 
Let ( )tBk , 0≥k  be the Bernoulli polynomials, and ( )0kk BB = , 0≥k , the 
Bernoulli numbers. The first few Bernoulli polynomials are 

( ) ( ) ( ) ( ) ,
2
1

2
3,

6
1,

2
1,1 23

3
2

210 ttttBtttBttBtB +−=+−=−==  

and the first few Bernoulli numbers are 

42
1,0,

30
1,0,

6
1,

2
1,1 6543210 ==−===−== BBBBBBB  

For some details on the Bernoulli polynomials and the Bernoulli numbers, see for 
example [8, 9]. 

Further, let the function ( )tBk
* , 0≥k , be periodic functions of period 1, related 

to the Bernoulli polynomials as 

( ) ( )tBtB kk =* , 10 <≤ t , 

( ) ( )tBtB kk
** 1 =+ , Rt ∈ , 

so that 1*
0 =B , *

1B  is a discontinuous function with a jump of –1 at each integer, 
and *

kB , 2≥k , is a continuous function. 

As stated in [3], the following Euler type identities hold. 

Let [ ]baxbaRba ,,,, ∈<∈ , and let [ ] Rbaf →,:  be such that ( )nf  is 

continuous on [ ]ba,  for some 1≥n . Then the following formula for expansion in 
Bernoulli polynomials is valid. 
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where ( ) 01 =xT ,  
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for 1≥n . 

Let bx =  in (2.1). Then the following trapezoid type identity holds. 

Trapezoid type identity: 
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for 1≥n . 

Let 
2

bax +
=  in (2.1). Then the following midpoint type identity holds. 

Midpoint type identity: 
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for 1≥n . 

Further, by (2.3) and (2.4) doing as in [3], the following Simpson type, Two-point 
type and Three-point type identities hold. 

Simpson type identity: 
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for 1≥n . Note that 
( ) ( ) ( ) 0,,, 321 === baSbaSbaS SSS . 

Tow-point type identity: 
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for 1≥n . 
Three-point type identity: 
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3. Integral Inequalities 
Throughout the rest of the paper, let [ ] Rbaf →,:  be a mapping such that the 
derivative ( )1−nf  ( )1≥n  is absolutely continuous on [ ]ba, , and we assume that 

( ) ( ) n
n

n Mxfm ≤≤ , bxa ≤≤ , 

for some real constants nm  and nM . Let +u  and −u  be the positive and negative 
parts of the mapping u , respectively. 

The following Lemma has been obtained in [3]. 

Lemma 1. Let 1≥k  and R∈γ . Then 

( )∫ =−
1  

0  

* 0dttBk γ . 

The following Lemma (see [10]) plays important role in our main results. 

Lemma 2. Let [ ] RbaGF →,:,  be two integrable functions such that 

( ) Γ≤≤ xGγ , for all [ ]bax ,∈ , 
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where R∈Γ,γ  are constants and ( )∫ =
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which imply the result of Lemma 2. 

We are ready to prove the following: 

Theorem 1. For 1≥n  and for every [ ]bax ,∈ , we have 
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where ( )⋅nT  and ( )⋅nB  are as in section 2. 

Proof. By Lemma 1, we have 
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the desired inequality (3.1) 
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Remark 1. It has been shown that 
8
1  in (3.2) is sharp (see [4]). 

Corollary 2. For every [ ]bax ,∈ , we have 
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Hence (3.3) follows from (3.1) by taking 2=n . 

Remark 2. We note that Corollary 2 is an improvement of Corollary 2 in [3]. If we 
choose bx =  in (3.3), we have 
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Corollary 3. Let ( )baS T
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Proof. This follows from (3.1) by taking bx = . 
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The constant 
8
1  is sharp (see [4]). Also, (3.6) reduces to (3.4) when 2=n . 

Corollary 4. Let ( )baS M
n ,  be defined as in section 2. For 1≥n , we have 

( ) ( ) ( )baSbafabdttf M
n

b

a
,

2
 

 
−⎟

⎠
⎞

⎜
⎝
⎛ +

−−∫  

( ) ( ) ( )∫ +
+

−
−

≤
1 

0 

1

!
dssBmM

n
ab

nnn

n

                     (3.7) 

Proof. This follows from (3.1) by taking 
2

bax +
= . 

Remark 4. Choose 1=n  in (3.7), we have 

( ) ( ) ( ) ( )11

2
 

 82
mMabbafabdttf

b

a
−

−
≤⎟

⎠
⎞

⎜
⎝
⎛ +

−−∫ . 

The constant 
8
1  is sharp (see [4]). Also, (3.7) reduces to (3.5) when 2=n . 

Theorem 2. Let ( )baS S
n ,  be defined as in section 2. For 1≥n , we have 

( ) ( ) ( ) ( ) ( )baSafbafbfabdttf S
n

b

a
,

2
4

6
 

 
−⎥

⎦

⎤
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛ +

+
−

−∫  

( ) ( ) ( ) dssBsBmM
n

ab
nnnn

n ++

∫ ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −+−−

⎟
⎠
⎞⎜

⎝
⎛
−

≤
1 

0 

**
1

2
121

!3
            (3.8) 

Proof. By Lemma 1, we have 

∫ ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

−
−

−+⎟
⎠
⎞

⎜
⎝
⎛

−
−

−
b

a nn dt
ab
atB

ab
atB

 

 

**

2
121  

∫∫ ⎟
⎠
⎞

⎜
⎝
⎛

−
−

−+⎟
⎠
⎞

⎜
⎝
⎛

−
−

−=
b

a n

b

a n dt
ab
atBdt

ab
atB

 

 

* 

 

*

2
121  

        ( ) ( ) ( ) 0
2
121

1 

0 

*1 

0 

* ∫∫ =⎟
⎠
⎞

⎜
⎝
⎛ −−+−−= dssBabdssBab nn . 



Improvements and Generalizations of Some Euler Grüss Type Inequalities and Applications  129 

Now, using Lemma 2, we have 
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⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

−
−

−+⎟
⎠
⎞

⎜
⎝
⎛

−
−

−−≤
 

 

**

2
121  

( )( ) ( ) dssBsBmMab nnnn

+

∫ ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −+−−−=

1 

0 

**

2
121 . 

Multiplying this by ( )
⎟
⎠
⎞⎜

⎝
⎛
−

!3 n

ab n

 and use the representation (2.5), we obtain the 

desired inequality (3.8). 

Corollary 5.  ( ) ( ) ( ) ( )⎥
⎦

⎤
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛ +

+
−

−∫ afbafbfabdttf
b

a 2
4

6
 

 
 

( ) ( )11
2

72
5 mMab −−≤ .                                   (3.9) 

Proof. Since 

( ) ( ) 10
2
111 1

*
1 ≤≤−=−=− sifssBsB  

and 

⎪
⎪
⎩

⎪⎪
⎨

⎧

≤<−=⎟
⎠
⎞

⎜
⎝
⎛ −

≤≤−=⎟
⎠
⎞

⎜
⎝
⎛ −

=⎟
⎠
⎞

⎜
⎝
⎛ −

1
2
1,1

2
3

2
10,

2
1

2
1

1

1
*
1

sifssB

sifssB
sB  . 

We have 

( )
⎪
⎪
⎩

⎪⎪
⎨

⎧

≤<−

≤≤−
=⎟

⎠
⎞

⎜
⎝
⎛ −+−

10,3
2
5

2
10,3

2
1

2
121 *

1
*
1

sifs

sifs
sBsB . 
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Therefore 

( )∫
+

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −+−

1 

0 

*
1

*
1 2

121 dssBsB = dssdss ∫∫ ⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ − 6

5 

2
1

 
6
1 

0 2
53

2
1 =

24
5 . 

Since ( ) 0,1 =baS S , we see that (3.9) follows from (3.8) for 1=n . 

Corollary 6. ( ) ( ) ( ) ( )⎥
⎦

⎤
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛ +

+
−

−∫ afbafbfabdttf
b

a 2
4

6
 

 
 

( ) ( )22
3

162
1 mMab −−≤ .                                   (3.10) 

Proof. Since 

( ) ( ) 10
6
111 2

2
*
2 ≤≤+−=−=− sifsssBsB  

and 

⎪
⎪
⎩

⎪⎪
⎨

⎧

≤<+−=⎟
⎠
⎞

⎜
⎝
⎛ −

≤≤−=⎟
⎠
⎞

⎜
⎝
⎛ −

=⎟
⎠
⎞

⎜
⎝
⎛ −

,1
2
1,

12
112

2
3

2
10,

12
1

2
1

2
1

2
2

2
2

*
2

sifsssB

sifssB
sB  

we have 

( )
⎪
⎪
⎩

⎪⎪
⎨

⎧

≤<+−

≤≤−
=⎟

⎠
⎞

⎜
⎝
⎛ −+−

.1
2
1,253

2
10,3

2
121

2

2

*
2

*
2

sifss

sifss
sBsB  

Therefore 

( )∫
+

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −+−

1 

0 

*
2

*
2 2

121 dssBsB = ( ) ( )dsssdsss ∫∫ +−+− 3
2 

2
1

 

22
1 

3
1

 

2 2533 =
27
1 . 

Since ( ) 0,2 =baS S , we see that (3.10) follows from (3.8) for 2=n . 

Corollary 7.  ( ) ( ) ( ) ( )⎥
⎦

⎤
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛ +

+
−

−∫ afbafbfabdttf
b

a 2
4

6
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( ) ( )33
4

1152
1 mMab −−≤ .                                (3.11) 

Proof. Since 

( ) ( ) 10
2
1

2
311 23

3
*
3 ≤≤−+−=−=− sifssssBsB  

and 

⎪
⎪
⎩

⎪⎪
⎨

⎧

≤<+−+−=⎟
⎠
⎞

⎜
⎝
⎛ −

≤≤+−=⎟
⎠
⎞

⎜
⎝
⎛ −

=⎟
⎠
⎞

⎜
⎝
⎛ −

,1
2
1,

4
3

4
113

2
3

2
10,

4
1

2
1

2
1

23
3

3
3

*
3

sifssssB

sifsssB
sB  

we have 

( )
⎪
⎪
⎩

⎪⎪
⎨

⎧

≤<+−+−

≤≤+−
=⎟

⎠
⎞

⎜
⎝
⎛ −+−

.10,
2
36

2
153

2
10,

2
33

2
121

23

23

*
3

*
3

sifsss

sifss
sBsB  

Therefore 

( )∫
+

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −+−

1 

0 

*
3

*
3 2

121 dssBsB = ∫ ⎟
⎠
⎞

⎜
⎝
⎛ +−2

1 

0 

23

2
33 dsss =

64
1 . 

Since ( ) 0,3 =baS S , we see that (3.11) follows from (3.8) for 3=n . 

Remark 5. Corollary 5, Corollary 6 and Corollary 7 are improvements of (1.5) for 
2,1 == nn  and 3=n , respectively. 

Theorem 3. Let ( )baS P
n ,2  be defined as in section 2. For 1≥n , we have 

( ) ( ) ( )baSbafbafabdttf P
n

b

a
,

3
2

3
2

2
2 

 
−⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ +

+⎟
⎠
⎞

⎜
⎝
⎛ +−

−∫  

( ) ( )∫
++

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −−

⎟
⎠
⎞⎜

⎝
⎛
−

≤
1 

0 

**
1

3
2

3
1

!2
dssBsBmM

n

ab
nnnn

n

          (3.12) 

Proof. By Lemma 1, we have 
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∫ ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

−
−

−+⎟
⎠
⎞

⎜
⎝
⎛

−
−

−
b

a nn dt
ab
atB

ab
atB

 

 

**

3
2

3
1  

∫∫ ⎟
⎠
⎞

⎜
⎝
⎛

−
−

−+⎟
⎠
⎞

⎜
⎝
⎛

−
−

−=
b

a n

b

a n dt
ab
atBdt

ab
atB

 

 

* 

 

*

3
2

3
1  

         ( ) ( ) 0
3
2

3
1 1 

0 

*1 

0 

* ∫∫ =⎟
⎠
⎞

⎜
⎝
⎛ −−+⎟

⎠
⎞

⎜
⎝
⎛ −−= dssBabdssBab nn . 

Now, using Lemma 2, we have 

( ) ( )dttf
ab
atB

ab
atB nb

a nn∫ ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

−
−

−+⎟
⎠
⎞

⎜
⎝
⎛

−
−

−
 

 

**

3
2

3
1  

 ( ) dt
ab
atB

ab
atBmM

b

a nnnn

+

∫ ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

−
−

−+⎟
⎠
⎞

⎜
⎝
⎛

−
−

−−≤
 

 

**

3
2

3
1  

( )( ) dssBsBabmM nnnn

+

∫ ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −−−=

1 

0 

**

3
2

3
1 . 

Multiplying this by ( )
⎟
⎠
⎞⎜

⎝
⎛
−

!2 n

ab n

 and use the representation (2.6), we obtain the 

desired inequality (3.12). 

Corollary 8. ( ) ( )
⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ +

+⎟
⎠
⎞

⎜
⎝
⎛ +−

−∫ 3
2

3
2

2
 

 

bafbafabdttf
b

a
 

( ) ( )11
2a-b

72
5 mM −≤ .                                    (3.13) 

Proof. Since 

⎪
⎪
⎩

⎪⎪
⎨

⎧

≤<+−=⎟
⎠
⎞

⎜
⎝
⎛ −

≤≤−−=⎟
⎠
⎞

⎜
⎝
⎛ −

=⎟
⎠
⎞

⎜
⎝
⎛ −

1
3
1,

6
5

3
4

3
10,

6
1

3
1

3
1

1

1
*
1

sifssB

sifssB
sB  

and  
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⎪
⎪
⎩

⎪⎪
⎨

⎧

≤<+−=⎟
⎠
⎞

⎜
⎝
⎛ −

≤≤+−=⎟
⎠
⎞

⎜
⎝
⎛ −

=⎟
⎠
⎞

⎜
⎝
⎛ −

,1
3
2,

6
7

3
5

3
20,

6
1

3
2

3
2

1

1
*
1

sifssB

sifssB
sB  

we have 

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

≤<+−

≤<+−

≤≤−

=⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −

.1
3
222

3
2

3
1,12

3
10,2

3
2

3
1 *

1
*
1

sifs

sifs

sifs

sBsB  

Therefore 

∫
+

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −

1 

0 

*
1

*
1 3

2
3
1 dssBsB = ( ) ( )dssdss ∫∫ +−++−

1 

3
2 

2
1 

3
1 

2212 =
36
5 . 

Since ( ) 0,2
1 =baS p , we see that (3.13) follows from (3.12) for 1=n . 

Corollary 9. ( ) ( ) ( )baSbafbafabdttf Pb

a
,

3
2

3
2

2
2
2

 

 
−⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ +

+⎟
⎠
⎞

⎜
⎝
⎛ +−

−∫  

( ) ( )22
3a-b

162
2 mM −≤ .                                   (3.14) 

Proof. Since 

⎪
⎪
⎩

⎪⎪
⎨

⎧

≤<+−=⎟
⎠
⎞

⎜
⎝
⎛ −

≤≤−+=⎟
⎠
⎞

⎜
⎝
⎛ −

=⎟
⎠
⎞

⎜
⎝
⎛ −

1
3
1,

18
11

3
5

3
4

3
10,

18
1

3
1

3
1

3
1

2
2

2
2

*
2

sifsssB

sifsssB
sB  

and  

⎪
⎪
⎩

⎪⎪
⎨

⎧

≤<+−=⎟
⎠
⎞

⎜
⎝
⎛ −

≤≤−−=⎟
⎠
⎞

⎜
⎝
⎛ −

=⎟
⎠
⎞

⎜
⎝
⎛ −

,1
3
2,

18
23

3
7

3
5

3
20,

18
1

3
1

3
2

3
2

2
2

2
2

*
2

sifsssB

sifsssB
sB  
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we have 

⎪
⎪
⎪

⎩

⎪
⎪
⎪

⎨

⎧

≤<+−

≤<+−

≤≤−

=⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −

.1
3
2

9
1742

3
2

3
1,

9
522

3
10,

9
12

3
2

3
1

2

2

2

*
2

*
2

sifss

sifss

sifs

sBsB  

Therefore 

∫
+

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −

1 

0 

*
2

*
2 3

22
3
1 dssBsB  

= ∫∫∫
−

⎟
⎠
⎞

⎜
⎝
⎛ +−+⎟

⎠
⎞

⎜
⎝
⎛ +−+⎟

⎠
⎞

⎜
⎝
⎛ − 6

26 

3
2   

23
2 

3
1 

23
1 

23
1 

2

9
1742

9
522

9
12 dsssdsssdss =

81
22 . 

Thus (3.14) follows from (3.12) for 2=n . 

Remark 6. Corollary 8 and Corollary 9 are improvements of Theorem 5 in [3] for 

1=n  and 2=n  with the factors 
12
1  and 

360
70 replaced by 

72
5  and 

162
2 , 

respectively. 

Theorem 4. Let ( )baS P
n ,3  be defined as in section 2. For 1≥n , we have 

( ) ( ) ( )baSbafbafbafabdttf P
n

b

a
,

4
3

24
32

3
3 

 
−⎥

⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ +

+⎟
⎠
⎞

⎜
⎝
⎛ +

−⎟
⎠
⎞

⎜
⎝
⎛ +−

−∫  

( ) ( )∫
++

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −−⎟

⎠
⎞

⎜
⎝
⎛ −−

⎟
⎠
⎞⎜

⎝
⎛
−

≤
1 

0 

***
1

4
32

2
1

4
12

!3
dssBsBsBmM

n

ab
nnnnn

n

.   (3.1

5) 

Proof. By Lemma 1, we have 

∫ ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

−
−

−+⎟
⎠
⎞

⎜
⎝
⎛

−
−

−−⎟
⎠
⎞

⎜
⎝
⎛

−
−

−
b

a nnn dt
ab
atB

ab
atB

ab
atB

 

 

***

4
32

2
1

4
12  

∫∫∫ ⎟
⎠
⎞

⎜
⎝
⎛

−
−

−+⎟
⎠
⎞

⎜
⎝
⎛

−
−

−−⎟
⎠
⎞

⎜
⎝
⎛

−
−

−=
b

a n

b

a n

b

a n dt
ab
atBdt

ab
atBdt

ab
atB

 

 

* 

 

* 

 

*

4
32

2
1

4
12  
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( ) ( ) ( ) 0
4
32

2
1

4
12

1 

0 

*1 

0 

*1 

0 

* ∫∫∫ =⎟
⎠
⎞

⎜
⎝
⎛ −−+⎟

⎠
⎞

⎜
⎝
⎛ −−−⎟

⎠
⎞

⎜
⎝
⎛ −−= dssBabdssBabdssBab nnn . 

Now, using Lemma 2, we have 

( ) ( )dttf
ab
atB

ab
atB

ab
atB nb

a nnn∫ ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

−
−

−+⎟
⎠
⎞

⎜
⎝
⎛

−
−

−−⎟
⎠
⎞

⎜
⎝
⎛

−
−

−
 

 

***

4
32

2
1

4
12   

( ) dt
ab
atB

ab
atB

ab
atBmM

b

a nnnnn ∫
+

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

−
−

−+⎟
⎠
⎞

⎜
⎝
⎛

−
−

−−⎟
⎠
⎞

⎜
⎝
⎛

−
−

−−≤
 

 

***

4
32

2
1

4
12

( )( ) dssBsBsBabmM nnnnn

+

∫ ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −−⎟

⎠
⎞

⎜
⎝
⎛ −−−=

1 

0 

***

4
32

2
1

4
12 . 

Multiplying this by ( )
⎟
⎠
⎞⎜

⎝
⎛
−

!3 n

ab n

 and use the representation (2.7), we obtain the 

desired inequality (3.13). 

Corollary 10. ( ) ( )
⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ +

+⎟
⎠
⎞

⎜
⎝
⎛ +

−⎟
⎠
⎞

⎜
⎝
⎛ +−

−∫ 4
3

24
32

3
 

 

bafbafbafabdttf
b

a
 

( ) ( )11
2a-b

48
5 mM −≤ .                                    (3.16) 

Proof. Since 

⎪
⎪
⎩

⎪⎪
⎨

⎧

≤<+−=⎟
⎠
⎞

⎜
⎝
⎛ −

≤≤−−=⎟
⎠
⎞

⎜
⎝
⎛ −

=⎟
⎠
⎞

⎜
⎝
⎛ −

,1
4
1,

4
3

4
5

4
10,

4
1

4
1

4
1

1

1
*
1

sifssB

sifssB
sB  

⎪
⎪
⎩

⎪⎪
⎨

⎧

≤<+−=⎟
⎠
⎞

⎜
⎝
⎛ −

≤≤−=⎟
⎠
⎞

⎜
⎝
⎛ −

=⎟
⎠
⎞

⎜
⎝
⎛ −

1
2
1,1

2
3

2
10,

2
1

2
1

1

1
*
1

sifssB

sifssB
sB  

and  
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⎪
⎪
⎩

⎪⎪
⎨

⎧

≤<+−=⎟
⎠
⎞

⎜
⎝
⎛ −

≤≤+−=⎟
⎠
⎞

⎜
⎝
⎛ −

=⎟
⎠
⎞

⎜
⎝
⎛ −

,1
4
3,

4
5

4
7

4
30,

4
1

4
3

4
3

1

1
*
1

sifssB

sifssB
sB  

we have 

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

≤<+−

≤<+−

≤<+−

≤≤−

=⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −−⎟

⎠
⎞

⎜
⎝
⎛ −

.1
4
333

4
3

2
113

2
1

4
123

4
103

4
32

2
1

4
12 *

1
*
1

*
1

sifs

sifs

sifs

sifs

sBsBsB  

Therefore 

∫
+

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −−⎟

⎠
⎞

⎜
⎝
⎛ −

1 

0 

*
1

*
1

*
1 4

32
2
1

4
12 dssBsBsB = ( ) ( )dssdss ∫∫ +−++−

1 

4
3 

2
1 

4
1 

3313 =
16
5 . 

Since ( ) 0,3
1 =baS P , we see that (3.16) follows from (3.15) for 1=n . 

Corollary 11. ( ) ( )
⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ +

+⎟
⎠
⎞

⎜
⎝
⎛ +

−⎟
⎠
⎞

⎜
⎝
⎛ +−

−∫ 4
3

24
32

3
 

 

bafbafbafabdttf
b

a
 

( ) ( )22
3a-b

648
5 mM −≤ .                                  (3.17) 

Proof. Since 

⎪
⎪
⎩

⎪⎪
⎨

⎧

≤<+−=⎟
⎠
⎞

⎜
⎝
⎛ −

≤≤−+=⎟
⎠
⎞

⎜
⎝
⎛ −

=⎟
⎠
⎞

⎜
⎝
⎛ −

,1
4
1,

48
23

2
3

4
5

4
10,

48
1

2
1

4
1

4
1

2
2

2
2

*
2

sifsssB

sifsssB
sB  
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⎪
⎪
⎩

⎪⎪
⎨

⎧

≤<+−=⎟
⎠
⎞

⎜
⎝
⎛ −

≤≤−=⎟
⎠
⎞

⎜
⎝
⎛ −

=⎟
⎠
⎞

⎜
⎝
⎛ −

1
2
1,

12
112

2
3

2
10,

12
1

2
1

2
1

2
2

2
2

*
2

sifsssB

sifssB
sB  

and  

⎪
⎪
⎩

⎪⎪
⎨

⎧

≤<+−=⎟
⎠
⎞

⎜
⎝
⎛ −

≤≤+−=⎟
⎠
⎞

⎜
⎝
⎛ −

=⎟
⎠
⎞

⎜
⎝
⎛ −

,1
4
3,

48
71

2
5

4
7

4
30,

48
1

2
1

4
3

4
3

2
1

2
1

*
1

sifsssB

sifsssB
sB  

we have 

⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪

⎨

⎧

≤<+−

≤<−

≤<+−

≤≤

=⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −−⎟

⎠
⎞

⎜
⎝
⎛ −

.1
4
3,363

4
3

2
1,23

2
1

4
1,143

4
10,3

4
32

2
1

4
12

2

2

2

2

*
2

*
2

*
2

sifss

sifss

sifss

sifs

sBsBsB  

Therefore 

∫
+

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −−⎟

⎠
⎞

⎜
⎝
⎛ −

1 

0 

*
1

*
1

*
1 4

32
2
1

4
12 dssBsBsB  

= ( ) ( ) ( )dsssdsssdsssdss ∫∫∫∫ +−+−++−+
1 

4
3 

24
3 

3
2

 

23
1 

4
1

 

24
1 

0 

2 363231433  

=
108

5 . 

Since ( ) 0,3
2 =baS P , we see that (3.17) follows from (3.15) for 2=n   

Remark 7. Corollary 10 and Corollary 11 are improvements of Theorem 6 in [3] for 

1=n  and 2=n  with the factors 
12

2  and 
480
130 replaced by 

48
5  and 

648
5 , 

respectively. 
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4. Application for The Error Bound for Composite 

Quadrature Rule 
Theorem 5. Let hI  be a partition bxxxxa nn =<<⋅⋅⋅<<= −110  of the interval 
[ ]ba, . Then 

( ) ( ) ∑∫
−

=

−
≤′−

1

0

322 

 336
,,

m

i
i

b

a hT hmMIffAtf                     (4.1) 

where iii xxh −= +1  and ( )hT IffA ,, ′  is perturbed trapezoid quadrature rule 
defined by 

( ) ( ) ( )[ ] ( ) ( )[ ]∑∑
−

=
+

−

=
+ ′−′−⋅+=′

1

0
1

2
1

1
1 12

1
2
1:,,

n

i
iiii

n

i
iihT xfxfhhxfxfIffA  

Proof. From (3.4), with [ ]1, +ii xx  in place of [ ]ba, , we get 

( ) ( ) ( )[ ] ( ) ( ) ( )[ ]∫
+ ′−′−

++
−

− +
+

+
++1 

 1

2
1

1
11

122
i

i

x

x ii
ii

ii
ii xfxf

xx
xfxf

xx
dttf  

( ) ( )22

3
1

336
mM

xx ii −
−

≤ +  

Summing this over 1,,1,0 −⋅⋅⋅= ni , we get the desired result. 

Remark 8. The inequality in (4.1) is an improvement of the inequality (4.5) in [1]. 

 

 

5. Applications for Expectation 
Theorem 6. Let X  be a random variable having the p.d.f., [ ] Rbaf →,:  and the 
cumulative distribution function [ ] [ ]1,0,: →baF , i.e., 

( ) ( ) [ ]∫ ∈=
x

a
baxdttfxF ,, . 

If F  is absolutely continuous on [ ]ba,  and ( ) 22 Mxfm ≤′′≤  for [ ]bax ,∈ , 
then we have the inequality: 
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( ) ( ) ( ) ( )[ ]afbfabbaXE −
−

−
+

−
122

2

  

( ) ( )22

3

336
mMab

−
−

≤                             (5.1) 

Proof. Replaced f  by F  in (3.4), we have 

( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]afbfababbFaFdttF
b

a
−

−
+−

+
−∫ 122

2
 

 
 

( ) ( )22

3

336
mMab

−
−

≤ .                                   (5.2) 

However, ( ) ( ) 1,0 == bFaF  and 

( ) ( ), 

 ∫ −=
b

a
XEbdttF  

the desired inequality (5.1) follows from (5.2). 
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