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Abstract

Let A be a normed algebra, let ¢ and 7 be two mappings on A and
let M be an A-bimodule. A linear mapping L : A — M is called a
generalized Lie (o, 7)-derivation if

L[z, y]) = [L(2), Ylor = [L(Y), 2lo,r + o (z)m7(y) — o (y)m7(2)

for some m € M and all z,y € A, where [x,yl,, is 27(y) — o(y)x
and [z,y] is the commutator xy — yz of elements x,y. If m = 0, then
L is Lie (o, 7)-derivation. In this paper we investigate the generalized
Hyers—Ulam—Rassias stability of generalized Lie (o, 7)-derivations. We
also prove that if the center of A is zero, then every “approximate Lie
(I, I)-derivation” is indeed a Lie (I, I)-derivation.

Keywords and Phrases: Generalized Hyers—Ulam—Rassias stability, Normed
algebra, Lie (o, T)-derivation, Generalized Lie (o, T)-derivation, Superstability.
1. Introduction

The stability of functional equations was started in 1940 with a problem raised
by S. M. Ulam [14]. In 1941 Hyers affirmatively solved the problem of S. M.
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Ulam in the context of Banach spaces. In 1950 T. Aoki [1] extended the Hyers’
theorem. In 1978, Th. M. Rassias [11] formulated and proved the following
Theorem:

Assume that F; and FE, are real normed spaces with E, complete, f :
E; — FE5 is a mapping such that for each fixed x € FE; the mapping t —
f(tx) is continuous on R, and let there exist ¢ > 0 and p € [0,1) such that
| f(x+y)—f(x)—=f)| < e(||z]]P+]|y||") for all ,y € E;. Then there exists a
unique linear mapping 7' : Ey — Ej such that || f(z)—T(z)|| < el|z|?/(1—2P71)
for all z € Ej.

The inequality |[f(z+y) = f(z) = f(y)]| < e(llz[|”+ |ly[|’) has provided ex-
tensive influence in the development of what we now call Hyers-Ulam-Rassias
stability of functional equations[3, 5, 8, 12, 13]. In 1994, a generalization of
Rassias’ theorem was obtained by Gavruta [4], in which he replaced the bound
e(||z||” + ||y]|P) by a general control function.

Let A be a normed algebra, o and 7 two mappings on A and let M be an
A-bimodule. A linear mapping L : A — M is called a Lie (o, 7)-derivation if

L([z,y]) = [L(2), Ylor — [L(Y), 7]o.r

for all z,y € A, where [z,y],, is 27(y) — o(y)z and [z, y] is the commutator
xy — yx of elements z,y. Following [2] A linear mapping L : A — M is called
a generalized Lie (o, 7)-derivation if

L[z, y]) = [L(2), Ylo.r = [L(y), @lor + o(2)mT(y) — o (y)m7(x)

for some m € M and all z,y € A.

Also Z(A) = {z € A| zz = xz Vx € A} denotes the center of algebra
A. Throughout in this paper, A denotes a (not necessary unital) normed
algebra and M is a Banach A-bimodule. We investigate the generalized Hyers—
Ulam—Rassias stability of generalized Lie (o, 7)-derivations by using some ideas
of [6, 7, 9, 10]. We also prove that if the center of A is zero, then every
“approximate Lie (I, I)-derivation” is indeed a Lie (I, I')-derivation.

2. Stability of Lie (o, 7)-Derivations

In this section our aim is to establish the Hyers-Ulam-Rassias stability of Lie
(o, T)-derivations.
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Theorem 2.1. Suppose f : A — M is a mapping with f(0) = 0 for which
there exist mappings g,h : A — A with g(0) = h(0) = 0 and a function
p:AxAx AxA—[0,00) such that

o(x,y, z,w) 22 e(2"x, 2"y, 2"z, 2"w) < oo (2.1)

If Az + Ay + [z, w]) = Af(2) = Af(y) = [f(2), wlgn + [f(w), 2]gnl

lg(Az + Ay) — Ag(x) — Ag(y)l| < ¢(=,y,0,0) (2.3)
[h(Az + Ay) — Ah(x) — Ah(y)]| < »(2,9,0,0) (2.4)

forallA e T={Ae€ C: |\ =1} and for all x,y € A. Then there exist unique
linear mappings o and T from A to A satisfying ||g(z) — o(x)| < @(z,z,0,0)
and ||h(z)—7(x)|| < @(x,z,0,0), and there exists a unique Lie (o, T)-derivation
L:A— M such that

1f () = L(z)| < ¢(x, ,0,0) (2:5)
for all x € A.
Proof. Put A =1 and z = w =0 in (2.2) to obtain

1f(x+y) = flz) = fy)l < e(r,y,0,0)  (2,y € A). (2.6)

Fix x € A. Replace y by z in (2.6) to get

One can use the induction to show that

—1

f(2rz) 2% 151

=5 - 527 (2%2, 2%2,0,0) (2.8)
k=q
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for all z € A, and all p > ¢ > 0. It follows

from the convergence of series (2.1) that the sequence {L (Q,L } is Cauchy.
By the completeness of M, this sequence is convergent. Set
271,
L(z) = lim L&) (2.9)

n—oo 2N

Putting z = w = 0 and replacing x, y by 2"z and 2"y in (2.2) respectively, and
divide the both sides of the inequality by 2" we get

277 F(2" (A + Ag)) = 27AF(2) — 2 A )] < (2, 27,0,0)

Passing to the limit as n — oo we obtain L(Ax + \y) = AL(z) + AL(y).
Put ¢ =0 in (2.8) to get

~
—~
[\
S
]
~—
)—l

N}

—~ 1
— f(x —Z—k 2k, 2520, 0) (2.10)
k=0

for all x € A.
Taking the limit as p — oo we infer that

Hf(l') - L($)” < @([B,%,0,0)

for all x € A.

Next, let v € C (7 # 0) and let N be a positive integer number greater than
|7|. It is shown that there exist two numbers 6, 0, € T such that 23 = 0,+0,.
Since L is additive we have L(3z) = 3 L(x) for all z € A. Hence

Liyz) = L(g 2. L) = NL(% 2. La) = gL(Q - -2)
N
= 3 L(Or1x + Osz) = 5 (L(Glaj) L(0yx))
N

2. D)L(a) = 7L(2)

for all z € A. Thus L is linear.
It is known that additive mapping L satisfying (2.5) is unique [4].
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Similarly one can use (2.3)and (2.4) to show that there exist unique linear
(2"x) h(2™z)
2n

mappings o and 7 defined by lim =—_—= and lim
n—oo n—od

Putting z = y = 0 and replacing z,w by 2"z and 2"w in (2.2) respectively,

we obtain

1£([2"2, 2"w]) = [f(2"2), 2"wlgn + [f (2"w), 2" 2]g |l < ¢(0,0,2"2,2"w),

, respectively.

then
1 n n n n n n 1 . .
(122 2m]) = [£(2"2), 2wl + [F(2"0), 22l < 520(0,0,2"2,2"w)
for all z,w € A, whence
1
< lim 2—ngp(0’ 0, 2”27 2nw>
=0
Therefore
- f(220 ]z, w])
Ll = = Jim ==
_ i L('%2"0)
n—oo 22n
= m (L222): 2”w]g,h2;n[f(2”w), 272

= lim

f(2"2)h(2"w) — g(2"w) f(2"2) — f(2"w)h(2"2) + g(2"2) f(2"w)

n—o00 22n
(L(2)7(w) — o(w)L(2)) — (L(w)7(2) — o(2) L(w))
[L(2), w]sr — [L(w), 2]or

for each z,w € A. Hence the linear mapping L is a Lie (o, 7)-derivation. O

Remark 2.2. In the previous theorem if g and h satisfy the following

l9(zy) — g(x)gW)| < ¢(z,y) (2.11)

1A (zy) = h(x)h(y)] < e(z,y) (2.12)

then the linear mappings o and T on A shall be homomorphisms.

)
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Corollary 2.2. Suppose f : A — M is a mapping with f(0) = 0 for which
there exist mappings g,h : A — A with g(0) = h(0) = 0 and there exits 3 > 0
and p € [0,1) such that

IF Az + Ay + [z, w]) = Af(x) = Af(y) — [f(2), wlgn + [f(w), 2]gnl
< BUlll” + [yll” + [[2[1” + [Jw]”)

lg(Az + Ay) — Ag(x) — Ag(y)l| < B(ll=|I” + lly[IP)

[1h(Az + Ay) = Ah(z) = Ah(y) || < Bl ]” + [ly[]")

for all X € T = {X € C: |\ = 1} and for all z,y € A. Then there exist

unique linear mappings o and T from A to A satisfying ||g(x) —o(z)|| < %

and ||h(z) — 7(z)]| < ﬂl;“i, and there exists a unique Lie (o, T)-derivation

L:A— M such that

Bll=|”

1£(2) - L)l < 222

(2.13)

for all x € A.
Proof. Put o(z,y,z,w) = B([|=[|” + |ly|[” + [|2[|” + [[w]]”) in Theorem 2.1. O

In the next result we shall show that under certain assumptions an “ap-
proximate Lie (o, 7)-derivations” is indeed a Lie (o, 7)-derivations. This phe-
nomenon is called the superstability of Lie (o, 7)-derivations.

Corollary 2.3. Suppose f : A — M is a mapping with f(0) = 0 and there
exist 3> 0 and p € [0,1) such that

1f ztdy+[z, w)) = Af () = Af (y) = 1f (2), Wl i+ 1f (w), 2l < BU Pyl + 217+ [w][”)

for all A € T ={X € C: |\ =1} and for all z,y,z,w € A. If Z(A) = {0},
then f a Lie (I, I)-derivation.

Proof. Put ¢ = h = I in Corollary 2.2, then there is a unique Lie (I, I)-
derivation L : A — M such that

Bll|”

IL(z) - F@)l < 20 (214)
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for all z € A.
We will show that L(z) = f(z) for all x € A.
Let m,n be two nonnegative integers and let x,y € A. Then

12" ([, 2™ f ()] — [, F2"y)]) |

112"z, 2™ f(y)] — [2"z, F(2"y)]ll

| f[2"x, 2™y] — [f(2"z), 2™ ]—[2” f" )l
)2

<
IR, 2] ~ (7270, 27 — 2, 27 ()]

< B2zl + [27y[lP) + | L[2"2, 2™y) — f[2"x,27y]||  (by Corollary 2.2)
L, 2]~ [7(20), 27y — 2", 27 ()]

< Bl + 127yl) + B2 iy Coroltary 2.2

P2 L2 y] ~ [(2"0), 5] ~ (2%, f(g)] - (by Tinearity L)

< Bll2alr + 12mlp) + BIEEZIE o (112, y] — sl
U2, — [F2). 0]~ 27, F)])

< Bzl + J2ylp) + ﬁ%

s (PO a4 ).

Fix m, and divide the both sides of the last inequality by 2" and let n tends
to infinity to obtain ||[x,2™ f(y)] — [z, f(2™y)]|| < 0 for all m and all z,y € A.
Hence by continuty norm and commutator we have ||[z, £ (;:y) — f(y)]]] = 0 for
all m and for all z,y € A. Letting m tends to infinity we get

[z, L(y) = f(y)] =0 (z,y € A).

Hence L(y) — f(y) € Z(A) = {0} and so L(y) = f(y) for all y € A. Thus f is
a Lie (I, I)-derivation. O

3. Generalized Lie (0, 7)-Derivation

In this section we investigate the Hyers—Ulam-Rassias stability of generalized
Lie (o, 7)-derivation.
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Theorem 3.1. Suppose f : A — M is a mapping with f(0) = 0 for which
there exist mappings g,h : A — A with g(0) = h(0) = 0 and a function
p:AXx Ax AxA—[0,00) such that

o(x,y, z,w) 22” (27", 27"y, 272,27 "w) < 00 (3.1)

hm22"g0(2 ", 27"y, 272,27 w) =0

n—oo

[f Az + Ay + [z,w]) = Af(2) = Af(y) = [£(2), wlgn + [ (w), 2]gn

+g(z)mh(w) — glw)mh(2)| < ¢(z,y, z,w) (3.2)
lg(Az + Ay) — Ag(x) — Ag(y)]| < ¢(x,y,0,0) (3.3)

for some m € M and for all X € T ={\ € C: |\ = 1} and all x,y,z,w €
A. Then there exist unique linear mappings o and 7 from A to A satisfying
lg(x) —o(x)| < @(x,2,0,0) and ||h(z) —7(x)|| < @(x,x,0,0), and there exists
a unique generalized Lie (o, T)-derivation L : A — M such that

If(z) = L(x)|| < @(x, ,0,0) (3:5)
for all x € A.
Proof. Put A =1 and z = w =0 in (3.2).Fix x € A. Replace both y and =
by z/2 in (3.2) to get

T x

IF(2) =2/ (5] < o5 5.

Using the same method as in the proof of Theorem 2.1 one can show that
there is a unique linear mapping

0,0). (3.6)

L(z) = lim 2”f( ) (3.7)

n—oo

and there exist unique linear mappings o and 7 defined by lim 2”9(2%) and

n—oo

lim Z”h( —), respectively, for all x € A.

n—oo
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Putting 2 = y = 0, and replacing z,w by 27"z and 27w in (3.2), respectively,
we have

IF([27"2, 27 w]) = [f(27"2), 27" wlgn + [f (27 w), 27" 2]y n
+9(27"2)mh(27"w) — g(27"w)mh(27"2)||
S SD(07 072 272_nw>||’

whence

22| f([27"2, 27 w]) = [£(27"2), 27 wlg + [F(27"w), 27" 2]y
+g(27"2)mh(27"w) — g(27"w)mh(27"2)||
< 22(0,0,27"2,2 "w)

for all z,w € A. Hence

]

)

n—oo

lim 22" f

L([z,w]) = lim22”f(
("2 )

n—oo

.
Tim 227 [£(27"2), 2"l — [F(27"0), 27" g

+ (g(27"2)mh(27"w) — g(27"w)mh(27"2))
= [L(2), wlor — [L(w), 25,7 + o(2)mT(w) — o(w)mT(2)

for all z,w € A and m € M. O

Corollary 3.2. Suppose f : A — M is a mapping with f(0) = 0 for which
there exist mappings g,h : A — A with g(0) = h(0) = 0 and there exist 5 >0
and p > 1 such that

If Az + Ay + [z, w]) = Af(2) = Af(y) = [f(2), wlgn + [f(w), 2lgn
+g(z)mh(w) — g(w)mh(2)[| < (l<]” + yll” + =" + [lwl”)  (3.8)

lg(Az 4+ Ay) — Ag(x) — Ag(w)l| < B(ll=|IP + |y (3.9)

[h(Az + Ay) = Ah(x) = A() || < Bl )" + [ly[]") (3.10)

for some m € M and for all\ € T={\ € C: |\ =1} and all x,y,z,w €
A. Then there exist unique linear mappings o and 7 from A to A satisfying
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lg(z) —o(z)| < { 1 = and ||h(z) — 7(z)]| < f”;”pp, and there exists a unique

generalized Lie ( ) demvatwn L:A— M such that

Bl

If(@) = L@l = {515 (3.11)

forall z € A.

Proof. Put ¢(z,y, z,w) = B(||z||” + ||y||” + [|2]|” + ||w]||”) in Theorem 3.1. O
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