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Abstract

Let A be a normed algebra, let σ and τ be two mappings on A and
let M be an A-bimodule. A linear mapping L : A → M is called a
generalized Lie (σ, τ)-derivation if

L([x, y]) = [L(x), y]σ,τ − [L(y), x]σ,τ + σ(x)mτ(y)− σ(y)mτ(x)

for some m ∈ M and all x, y ∈ A, where [x, y]σ,τ is xτ(y) − σ(y)x
and [x, y] is the commutator xy − yx of elements x, y. If m = 0, then
L is Lie (σ, τ)-derivation. In this paper we investigate the generalized
Hyers–Ulam–Rassias stability of generalized Lie (σ, τ)-derivations. We
also prove that if the center of A is zero, then every “approximate Lie
(I, I)-derivation” is indeed a Lie (I, I)-derivation.

Keywords and Phrases: Generalized Hyers–Ulam–Rassias stability, Normed
algebra, Lie (σ, τ)-derivation, Generalized Lie (σ, τ)-derivation, Superstability.

1. Introduction

The stability of functional equations was started in 1940 with a problem raised
by S. M. Ulam [14]. In 1941 Hyers affirmatively solved the problem of S. M.
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Ulam in the context of Banach spaces. In 1950 T. Aoki [1] extended the Hyers’
theorem. In 1978, Th. M. Rassias [11] formulated and proved the following
Theorem:

Assume that E1 and E2 are real normed spaces with E2 complete, f :
E1 → E2 is a mapping such that for each fixed x ∈ E1 the mapping t 7→
f(tx) is continuous on R, and let there exist ε ≥ 0 and p ∈ [0, 1) such that
‖f(x+y)−f(x)−f(y)‖ ≤ ε(‖x‖p+‖y‖p) for all x, y ∈ E1. Then there exists a
unique linear mapping T : E1 → E2 such that ‖f(x)−T (x)‖ ≤ ε‖x‖p/(1−2p−1)
for all x ∈ E1.

The inequality ‖f(x+ y)− f(x)− f(y)‖ ≤ ε(‖x‖p + ‖y‖p) has provided ex-
tensive influence in the development of what we now call Hyers–Ulam–Rassias
stability of functional equations[3, 5, 8, 12, 13]. In 1994, a generalization of
Rassias’ theorem was obtained by Găvruta [4], in which he replaced the bound
ε(‖x‖p + ‖y‖p) by a general control function.

Let A be a normed algebra, σ and τ two mappings on A and let M be an
A-bimodule. A linear mapping L : A→M is called a Lie (σ, τ)-derivation if

L([x, y]) = [L(x), y]σ,τ − [L(y), x]σ,τ

for all x, y ∈ A, where [x, y]σ,τ is xτ(y) − σ(y)x and [x, y] is the commutator
xy − yx of elements x, y. Following [2] A linear mapping L : A→M is called
a generalized Lie (σ, τ)-derivation if

L([x, y]) = [L(x), y]σ,τ − [L(y), x]σ,τ + σ(x)mτ(y)− σ(y)mτ(x)

for some m ∈M and all x, y ∈ A.
Also Z(A) = {z ∈ A| zx = xz ∀x ∈ A} denotes the center of algebra

A. Throughout in this paper, A denotes a (not necessary unital) normed
algebra and M is a Banach A-bimodule. We investigate the generalized Hyers–
Ulam–Rassias stability of generalized Lie (σ, τ)-derivations by using some ideas
of [6, 7, 9, 10]. We also prove that if the center of A is zero, then every
“approximate Lie (I, I)-derivation” is indeed a Lie (I, I)-derivation.

2. Stability of Lie (σ, τ )-Derivations

In this section our aim is to establish the Hyers–Ulam–Rassias stability of Lie
(σ, τ)-derivations.
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Theorem 2.1. Suppose f : A → M is a mapping with f(0) = 0 for which
there exist mappings g, h : A → A with g(0) = h(0) = 0 and a function
ϕ : A× A× A× A→ [0,∞) such that

ϕ̃(x, y, z, w) =
1

2

∞∑
n=0

2−nϕ(2nx, 2ny, 2nz, 2nw) <∞ (2.1)

‖f(λx+ λy + [z, w])− λf(x)− λf(y)− [f(z), w]g,h + [f(w), z]g,h‖
≤ ϕ(x, y, z, w) (2.2)

‖g(λx+ λy)− λg(x)− λg(y)‖ ≤ ϕ(x, y, 0, 0) (2.3)

‖h(λx+ λy)− λh(x)− λh(y)‖ ≤ ϕ(x, y, 0, 0) (2.4)

for all λ ∈ T = {λ ∈ C : |λ| = 1} and for all x, y ∈ A. Then there exist unique
linear mappings σ and τ from A to A satisfying ‖g(x)− σ(x)‖ ≤ ϕ̃(x, x, 0, 0)
and ‖h(x)−τ(x)‖ ≤ ϕ̃(x, x, 0, 0), and there exists a unique Lie (σ, τ)-derivation
L : A→M such that

‖f(x)− L(x)‖ ≤ ϕ̃(x, x, 0, 0) (2.5)

for all x ∈ A.

Proof. Put λ = 1 and z = w = 0 in (2.2) to obtain

‖f(x+ y)− f(x)− f(y)‖ ≤ ϕ(x, y, 0, 0) (x, y ∈ A). (2.6)

Fix x ∈ A. Replace y by x in (2.6) to get

‖f(2x)− 2f(x)‖ ≤ ϕ(x, x, 0, 0). (2.7)

One can use the induction to show that

‖f(2px)

2p
− f(2qx)

2q
‖ ≤ 1

2

p−1∑
k=q

1

2k
ϕ(2kx, 2kx, 0, 0) (2.8)
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for all x ∈ A, and all p > q ≥ 0. It follows
from the convergence of series (2.1) that the sequence {f(2nx)

2n } is Cauchy.
By the completeness of M , this sequence is convergent. Set

L(x) = lim
n→∞

f(2nx)

2n
. (2.9)

Putting z = w = 0 and replacing x, y by 2nx and 2ny in (2.2) respectively, and
divide the both sides of the inequality by 2n we get

‖2−nf(2n(λx+ λy))− 2−nλf(2nx)− 2−nλf(2ny)‖ ≤ 1

2n
ϕ(2nx, 2ny, 0, 0)

.
Passing to the limit as n→∞ we obtain L(λx+ λy) = λL(x) + λL(y).
Put q = 0 in (2.8) to get

‖f(2px)

2p
− f(x)‖ ≤ 1

2

p−1∑
k=0

1

2k
ϕ(2kx, 2kx, 0, 0) (2.10)

for all x ∈ A.
Taking the limit as p→∞ we infer that

‖f(x)− L(x)‖ ≤ ϕ̃(x, x, 0, 0)

for all x ∈ A.
Next, let γ ∈ C (γ 6= 0) and let N be a positive integer number greater than

|γ|. It is shown that there exist two numbers θ1, θ2 ∈ T such that 2 γ
N

= θ1 +θ2.
Since L is additive we have L(1

2
x) = 1

2
L(x) for all x ∈ A. Hence

L(γx) = L(
N

2
· 2 · γ

N
x) = NL(

1

2
· 2 · γ

N
x) =

N

2
L(2 · γ

N
x)

=
N

2
L(θ1x+ θ2x) =

N

2
(L(θ1x) + L(θ2x))

=
N

2
(θ1 + θ2)L(x) = (

N

2
· 2 · γ

N
)L(x) = γL(x)

for all x ∈ A. Thus L is linear.
It is known that additive mapping L satisfying (2.5) is unique [4].
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Similarly one can use (2.3)and (2.4) to show that there exist unique linear

mappings σ and τ defined by lim
n→∞

g(2nx)

2n
and lim

n→∞

h(2nx)

2n
, respectively.

Putting x = y = 0 and replacing z, w by 2nz and 2nw in (2.2) respectively,
we obtain

‖f([2nz, 2nw])− [f(2nz), 2nw]g,h + [f(2nw), 2nz]g,h‖ ≤ ϕ(0, 0, 2nz, 2nw),

then

1

22n
‖f([2nz, 2nw])− [f(2nz), 2nw]g,h + [f(2nw), 2nz]g,h‖ ≤

1

2n
ϕ(0, 0, 2nz, 2nw)

for all z, w ∈ A, whence

lim
n→∞

1

22n
‖f([2nz, 2nw])− [f(2nz), 2nw]g,h + [f(2nw), 2nz]g,h‖

≤ lim
n→∞

1

2n
ϕ(0, 0, 2nz, 2nw)

= 0

Therefore

L([z, w]) = = lim
n→∞

f(22n[z, w])

22n

= lim
n→∞

f([2nz, 2nw])

22n

= lim
n→∞

(
[f(2nz), 2nw]g,h − [f(2nw), 2nz]g,h

22n

= lim
n→∞

(
f(2nz)h(2nw)− g(2nw)f(2nz)− f(2nw)h(2nz) + g(2nz)f(2nw)

22n
)

=
(
L(z)τ(w)− σ(w)L(z)

)
−
(
L(w)τ(z)− σ(z)L(w)

)
= [L(z), w]σ,τ − [L(w), z]σ,τ

for each z, w ∈ A. Hence the linear mapping L is a Lie (σ, τ)-derivation. 2

Remark 2.2. In the previous theorem if g and h satisfy the following

‖g(xy)− g(x)g(y)‖ ≤ ϕ(x, y) (2.11)

‖h(xy)− h(x)h(y)‖ ≤ ϕ(x, y) (2.12)

then the linear mappings σ and τ on A shall be homomorphisms.
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Corollary 2.2. Suppose f : A → M is a mapping with f(0) = 0 for which
there exist mappings g, h : A→ A with g(0) = h(0) = 0 and there exits β ≥ 0
and p ∈ [0, 1) such that

‖f(λx+ λy + [z, w])− λf(x)− λf(y)− [f(z), w]g,h + [f(w), z]g,h‖
≤ β(‖x‖p + ‖y‖p + ‖z‖p + ‖w‖p)

‖g(λx+ λy)− λg(x)− λg(y)‖ ≤ β(‖x‖p + ‖y‖p)

‖h(λx+ λy)− λh(x)− λh(y)‖ ≤ β(‖x‖p + ‖y‖p)

for all λ ∈ T = {λ ∈ C : |λ| = 1} and for all x, y ∈ A. Then there exist

unique linear mappings σ and τ from A to A satisfying ‖g(x)−σ(x)‖ ≤ β‖x‖p
1−2p−1

and ‖h(x) − τ(x)‖ ≤ β‖x‖p
1−2p−1 , and there exists a unique Lie (σ, τ)-derivation

L : A→M such that

‖f(x)− L(x)‖ ≤ β‖x‖p

1− 2p−1
(2.13)

for all x ∈ A.

Proof. Put ϕ(x, y, z, w) = β(‖x‖p + ‖y‖p + ‖z‖p + ‖w‖p) in Theorem 2.1. 2

In the next result we shall show that under certain assumptions an “ap-
proximate Lie (σ, τ)-derivations” is indeed a Lie (σ, τ)-derivations. This phe-
nomenon is called the superstability of Lie (σ, τ)-derivations.

Corollary 2.3. Suppose f : A → M is a mapping with f(0) = 0 and there
exist β ≥ 0 and p ∈ [0, 1) such that

‖f(λx+λy+[z, w])−λf(x)−λf(y)−[f(z), w]I,I+[f(w), z]I,I‖ ≤ β(‖x‖p+‖y‖p+‖z‖p+‖w‖p)

for all λ ∈ T = {λ ∈ C : |λ| = 1} and for all x, y, z, w ∈ A. If Z(A) = {0},
then f a Lie (I, I)-derivation.

Proof. Put g = h = I in Corollary 2.2, then there is a unique Lie (I, I)-
derivation L : A→M such that

‖L(x)− f(x)‖ ≤ β‖x‖p

1− 2p−1
(2.14)
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for all x ∈ A.
We will show that L(x) = f(x) for all x ∈ A.
Let m,n be two nonnegative integers and let x, y ∈ A. Then

‖2n
(
[x, 2mf(y)]− [x, f(2my)]

)
‖

= ‖[2nx, 2mf(y)]− [2nx, f(2my)]‖
≤ ‖f [2nx, 2my]− [f(2nx), 2my]− [2nx, f(2my)]‖

+‖f [2nx, 2my]− [f(2nx), 2my]− [2nx, 2mf(y)]‖
≤ β

(
‖2nx‖p + ‖2my‖p

)
+ ‖L[2nx, 2my]− f [2nx, 2my]‖ (by Corollary 2.2)

+‖L[2nx, 2my]− [f(2nx), 2my]− [2nx, 2mf(y)]‖

≤ β
(
‖2nx‖p + ‖2my‖p

)
+ β
‖[2nx, 2my]‖p

1− 2p−1
(by Corollary 2.2)

+2m‖L[2nx, y]− [f(2nx), y]− [2nx, f(y)‖ (by linearity L)

≤ β
(
‖2nx‖p + ‖2my‖p

)
+ β
‖[2nx, 2my]‖p

1− 2p−1
+ 2m

(
‖L(2nx, y]− f [2nx, y]‖

+‖f [2nx, y]− [f(2nx), y]− [2nx, f(y)]‖
)

≤ β
(
‖2nx‖p + ‖2my‖p

)
+ β
‖[2nx, 2my]‖p

1− 2p−1

+2m
(β(‖[2nx, y]‖p)

1− 2p−1
+ β(‖2nx‖p + ‖y‖p

)
.

Fix m, and divide the both sides of the last inequality by 2n and let n tends
to infinity to obtain ‖[x, 2mf(y)]− [x, f(2my)]‖ ≤ 0 for all m and all x, y ∈ A.

Hence by continuty norm and commutator we have ‖[x, f(2my)
2m −f(y)]‖ = 0 for

all m and for all x, y ∈ A. Letting m tends to infinity we get

[x, L(y)− f(y)] = 0 (x, y ∈ A).

Hence L(y)− f(y) ∈ Z(A) = {0} and so L(y) = f(y) for all y ∈ A. Thus f is
a Lie (I, I)-derivation. 2

3. Generalized Lie (σ, τ )-Derivation

In this section we investigate the Hyers–Ulam–Rassias stability of generalized
Lie (σ, τ)-derivation.
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Theorem 3.1. Suppose f : A → M is a mapping with f(0) = 0 for which
there exist mappings g, h : A → A with g(0) = h(0) = 0 and a function
ϕ : A× A× A× A→ [0,∞) such that

ϕ̃(x, y, z, w) =
1

2

∞∑
n=0

2nϕ(2−nx, 2−ny, 2−nz, 2−nw) <∞ (3.1)

lim
n→∞

22nϕ(2−nx, 2−ny, 2−nz, 2−nw) = 0

‖f(λx+ λy + [z, w])− λf(x)− λf(y)− [f(z), w]g,h + [f(w), z]g,h

+g(z)mh(w)− g(w)mh(z)‖ ≤ ϕ(x, y, z, w) (3.2)

‖g(λx+ λy)− λg(x)− λg(y)‖ ≤ ϕ(x, y, 0, 0) (3.3)

‖h(λx+ λy)− λh(x)− λh(y)‖ ≤ ϕ(x, y, 0, 0) (3.4)

for some m ∈ M and for all λ ∈ T = {λ ∈ C : |λ| = 1} and all x, y, z, w ∈
A. Then there exist unique linear mappings σ and τ from A to A satisfying
‖g(x)−σ(x)‖ ≤ ϕ̃(x, x, 0, 0) and ‖h(x)−τ(x)‖ ≤ ϕ̃(x, x, 0, 0), and there exists
a unique generalized Lie (σ, τ)-derivation L : A→M such that

‖f(x)− L(x)‖ ≤ ϕ̃(x, x, 0, 0) (3.5)

for all x ∈ A.

Proof. Put λ = 1 and z = w = 0 in (3.2).Fix x ∈ A. Replace both y and x
by x/2 in (3.2) to get

‖f(x)− 2f(
x

2
)‖ ≤ ϕ(

x

2
,
x

2
, 0, 0). (3.6)

Using the same method as in the proof of Theorem 2.1 one can show that
there is a unique linear mapping

L(x) = lim
n→∞

2nf(
x

2n
) (3.7)

and there exist unique linear mappings σ and τ defined by lim
n→∞

2ng(
x

2n
) and

lim
n→∞

2nh(
x

2n
), respectively, for all x ∈ A.
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Putting x = y = 0, and replacing z, w by 2−nz and 2−nw in (3.2), respectively,
we have

‖f([2−nz, 2−nw])− [f(2−nz), 2−nw]g,h + [f(2−nw), 2−nz]g,h

+g(2−nz)mh(2−nw)− g(2−nw)mh(2−nz)‖
≤ ϕ(0, 0, 2−nz, 2−nw)‖,

whence

22n‖f([2−nz, 2−nw])− [f(2−nz), 2−nw]g,h + [f(2−nw), 2−nz]g,h

+g(2−nz)mh(2−nw)− g(2−nw)mh(2−nz)‖
≤ 22nϕ(0, 0, 2−nz, 2−nw)

for all z, w ∈ A. Hence

L([z, w]) = lim
n→∞

22nf(
[z, w]

22n
)

= lim
n→∞

22nf([2−nz, 2−nw])

= lim
n→∞

22n[f(2−nz), 2−nw]g,h − [f(2−nw), 2−nz]g,h

+ (g(2−nz)mh(2−nw)− g(2−nw)mh(2−nz))

= [L(z), w]σ,τ − [L(w), z]σ,τ + σ(z)mτ(w)− σ(w)mτ(z)

for all z, w ∈ A and m ∈M . 2

Corollary 3.2. Suppose f : A → M is a mapping with f(0) = 0 for which
there exist mappings g, h : A→ A with g(0) = h(0) = 0 and there exist β ≥ 0
and p > 1 such that

‖f(λx+ λy + [z, w])− λf(x)− λf(y)− [f(z), w]g,h + [f(w), z]g,h

+g(z)mh(w)− g(w)mh(z)‖ ≤ (‖x‖p + ‖y‖p + ‖z‖p + ‖w‖p) (3.8)

‖g(λx+ λy)− λg(x)− λg(y)‖ ≤ β(‖x‖p + ‖y‖p) (3.9)

‖h(λx+ λy)− λh(x)− λh(y)‖ ≤ β(‖x‖p + ‖y‖p) (3.10)

for some m ∈ M and for all λ ∈ T = {λ ∈ C : |λ| = 1} and all x, y, z, w ∈
A. Then there exist unique linear mappings σ and τ from A to A satisfying
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‖g(x)− σ(x)‖ ≤ β‖x‖p
1−21−p and ‖h(x)− τ(x)‖ ≤ β‖x‖p

1−21−p , and there exists a unique
generalized Lie (σ, τ)-derivation L : A→M such that

‖f(x)− L(x)‖ ≤ β‖x‖p

1− 21−p (3.11)

for all x ∈ A.

Proof. Put ϕ(x, y, z, w) = β(‖x‖p + ‖y‖p + ‖z‖p + ‖w‖p) in Theorem 3.1. 2
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