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Abstract
In this paper we establish Hyers—Ulam—Rassias stability of the fol-
lowing quadratic mapping of Apollonius type
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in non-Archimedean spaces. The term Hyers—Ulam—Rassias stability
is due to the seminal paper: Th. M. Rassias, On the stability of the
linear mapping in Banach spaces, Proc. Amer. Math. Soc. 72 (1978)
297-300.
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1. Introduction

The stability problem of functional equations originated from a question of
S.M. Ulam [25] concerning the stability of group homomorphisms: Let G be
a group and let G5 be a metric group with the metric d(.,.). Given € > 0, does
there exist a 6 > 0 such that if a function h : G; — G5 satisfies the inequality
d(h(zy), h(z)h(y)) < 6 for all x,y € Gy, then there exists a homomorphism
H : G, — Gy with d(h(z), H(z)) < € for all x € G;? In other words, we are
looking for situations when the homomorphisms are stable, i.e., if a mapping
is almost a homomorphism, then there exists a true homomorphism near it.
If we turn our attention to the case of functional equations, we can ask the
question: When the solutions of an equation differing slightly from a given one
must be close to the true solution of the given equation. For Banach spaces
the Ulam problem was first solved by D.H. Hyers [8] in 1941, which states that
if 0 >0and f: X — Y is a mapping with X, Y Banach spaces, such that

|f@+y) - 1@ -, <o 2)
for all z,y € X, then there exists a unique additive mapping 7' : X — Y such
that

|f@) -T@)||, <o
Y

for all z € X. Th.M. Rassias [21] succeeded in extending the result of Hyers
by weakening the condition for the Cauchy difference to be unbounded. A
number of mathematicians were attracted to this result of Th.M. Rassias and
stimulated to investigate the stability problems of functional equations. The
stability phenomenon that was introduced and proved by Th.M. Rassias in his
1978 paper is called the Hyers—Ulam stability. G.L. Forti [4] and P. Gavruta
[7] have generalized the result of Th.M. Rassias, which permitted the Cauchy
difference to become arbitrary unbounded. The stability problems of several
functional equations have been extensively investigated by a number of authors
and there are many interesting results concerning this problem. A large list of
references can be found, for example, in the papers [2,5,6,9 — 19,21, 22, 23].
Now, a square norm on an inner product space satisfies the important paral-
lelogram equality

Iz +ylI* + llo = ylI* = 2[l=|* + 2]l
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for all vectors x,y. The following functional equation, which was motivated by
this equation,

Qz+y) +Qx —y) =2Q(x) +2Q(y), (3)

is called a quadratic functional equation, and every solution of equation (3) is
said to be a quadratic mapping.

F. Skof [24] proved the Hyers-Ulam stability of the quadratic functional
equation (3) for mappings f : Fy — Es, where F; is a normed space and E is
a Banach space. C. Borelli and G.L. Forti [3] generalized the stability result as
follows: let G be an abelian group, F a Banach space. Assume that a mapping
f + G — FE satisfies the functional inequality

1f(x+y)+ flz —y) —2f(x) = 2f ()]l < p(z,y)

for all z,y € G, and ¢ : G x G — [0,00) is a function such that

[e.e]

1 7 7
O(a,y) = (2, 2y) < oo
1=0

for all z,y € G. Then there exists a unique quadratic mapping Q) : G — F
with the properties

1/ () = Q)| < ¢(,x)

for all z € G. Jun and Lee [13] proved the Hyers—Ulam stability of the Pex-
iderized quadratic equation

flx+y) + g —y) = 2h(x) + 2k(y)

for mappings f, g, h and k.
In an inner product space, the equality

2

(4)

holds, and is called the Apollonius’ identity. The following functional equation,
which was motivated by this equation,

1 T+
2=l + 2 = yl? = Slle =yl + 2|z - 52

Qz — )+ Q= —y) = 30 —y) +20(= - 7TY), o)

is quadratic (see [20]). For this reason, the functional equation (5) is called
a quadratic functional equation of Apollonius type, and each solution of the
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functional equation (5) is said to be a quadratic mapping of Apollonius type.
The quadratic functional equation and several other functional equations are
useful to characterize inner product spaces [1].

In [20], C. Park and Th.M. Rassias introduced and investigated a functional
equation, which is called the generalized Apollonius type quadratic functional
equation.

The first author [17], introduced a general version of (5), which is called
the quadratic functional equation of n—Apollonius type.

We recall some basic facts concerning non-Archimedean spaces and prelim-
inary results.

Definition 1.1. A field K equipped with a function(valuation) |.| from K into
[0, 00) is called a non-Archimedean field if the function |.| : K — [0, 00) satisfies
the following conditions:

1. |r| =0 if and only if r = 0;

2. |rs| = |r||s|;

3. |r+ s| < max{|r|,|s|};
for all r;s € K.

Clearly |[1| =|—1] =1 and |n| < 1 for all n € N.
Definition 1.2. Let X be a vector space over scaler field K with a non-

Archimedean non-trivial valuation |.|. A function |.]] : X — R is a non-
Archimedean norm (valuation) if it satisfies the following conditions:

(1) |lz|l = 0 if and only if x = 0;
@) rzll = lrlllll;
(3)" the strong triangle inequality; namely,

[+ yll < max{|[z]], [[y|l}

for all z,y € X and for all r € K.
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The pair (X, ||.||) is called a non-Archimedean spaceif ||.|| is non—Archimedean
norm on X. It follows from (3)" that

[0 = @l < max{ll; 1 — 2l m <j <n—1}

for all x,,x,, € X and all m,n € N with n > m. Therefore a sequence
{z,,} is a Cauchy sequence in non-Archimedean space (X, ||.||), if and only if,
the sequence {x,11 — z,,} converges to zero in (X, ||.||). In a complete non—
Archimedean space every Cauchy sequence is convergent.

M.S. Moslehian and Th.M. Rassias in [15] investigated stability of Cauchy
functional equation f(x+y) = f(x)+ f(y) and quadratic functional equation
flx+y)+ f(r —y) =2f(z) + 2f(y) in non-Archimedean spaces.

In this paper we establish Hyers—Ulam—Rassias stability of the quadratic
functional equation of Apollonius type (5) in non-Archimedean spaces.

2. Hyers-Ulam-Rassias Stability

Lemma 2.1. Let X and Y be real vector spaces. A function QQ : X — Y
satisfies (5) if and only if Q) is quadratic.

Proof. (Necessity). Letting z = y = z = 0 in (5), we get that Q(0) = 0.
Putting y = —x and z = z in (5), we get Q(2z) = 4Q(z) for all x € X. So by
letting y = —z in (5), we have

Q(z — 2) + Q2 + x) = 2Q(x) + 2Q(2) (6)

for all z,z € X. So the mapping ) : X — Y is quadratic.
(Sufficiency). It follows from (6) that @ is even. So (6) implies that

Qllz—2)+ (2 =)+ Qz —y) = 2Q(z — 2) +2Q(z — ) (7)

for all z,y,z € X. Since Q(2z) = 4Q(x) for all x € X, hence (7) implies that
the function @ satisfies (5). O
Throughout this section, let X be a normed space with norm ||.||x and Y
be a complete non-Archimedean space with norm |.||y.
For a given a mapping Q : X — Y, we define DQ : X3 — Y by

x—l—y)

DQr,y.2) = Q= — 1) + Qe —y) — 5Q( — )~ 2Q(= ~ 1
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Theorem 2.2. Let ¢ : X? — [0,00) be a function such that

Ty z
Jim |4[" ( )zo 8
Tim_[4] ' on (8)
for all z,y,z € X, and let for all x € X the limit
: i (T :c)
Jirgomax{|4| <2] 2 5 0<j<n 9)

denoted by p(x), exists. Suppose that a function Q : X — Y with Q(0) =
satisfies the inequality

1DQ(z,y, 2)|ly < o(z,y,2) (10)
for all x,y € X. Then the limit
T(x) := lim 4”@( = (11)
exists for allz € X and T : X — Y 1s a quadratic function satisfying
1 .
1Q(z) = T(z)lly < mw(w) (12)
for all x € X. Moreover, if
. . j X £ 2 . . .
Jirgoljirgomax{|4\ (2] 2j,2j).n<j§n+k}—0, (13)

then T is the unique quadratic mapping satisfying (12).
Proof. Letting y = —z and z = x in (10), we get
1Q(2z) —4Q(2)|ly < |2|p(, -z, x) (14)

for all z € X. If we replace = in (14) by 5 and multiply both sides of (14) to
|4]"~1 then we have

for all z € X and all non-negative integers n. It follows from (8) and (15) that
the sequence {4"Q(5%)} is a Cauchy sequence in Y for all z € X. Since Y is
complete, the sequence {4"Q(5x)} converges for all z € X.

x )H |4\” T X (15)

on—1 = ’2’ (n 27’27)
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It follows from (15) that

rag) - e, - | £ et -va]),

=m

< max{ [#41Q(557) ~4Q(5) ||y sm<i<n}

|

T

—2)- <i< }
50 i m<i<n

1
< — 4 -
g s {4 (5
for all x € X and non-negative integers m,n with n > m > 0. Letting m = 0
and passing the limit n — oo in the last inequality and using (9) and (11), we
get (12). Now, we show that T is quadratic. It follows from (8), (10) and (11)
that

IDT (2, )|y = lim (50|,
Xz z
< lim 40 (5 o o) =

for all x,y,z € X. Therefore the mapping 7' : X — Y satisfies (5). So by
Lemma 2.1 we infer that the mapping 7" : X — Y is quadratic.

To prove the uniqueness of T', let U : X — Y be another quadratic mapping
satisfying (12). Since

T 1 T —T T ‘
<p(2—n)—Wklgnma:x;{|4|J ( ASTR E):n<]§n—l—k’}

for all z € X, then it follows from (11), (12) and (13) that
: T T
IT) ~ U@y = tm () - U (0]

1 ~
< — lim |4]"p < )

2| n—oo

1
= — lim lim rnax{ 1417 (
|2| n—00 k—o00

%):n<j§n+k}:0
forallz € X. SoT = U. O

Theorem 2.3. Let ¢ : X® — [0,00) be a function such that

1
lim —(2"z,2"y,2"2) =0 (16)

e [T
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forall z,y,z € X, and let for all x € X the limit

n—oo

lim max{ e =P 05 < n} (17)

denoted by {/;(:c), exists. Suppose that a function @ : X — Y with Q(0) = 0
satisfies the inequality

||DQ(£L’,y, Z)HY < ¢(Iayv Z) (18)

for all x,y € X. Then the limit
. 1
T(xz) := lim 4—nQ(2"x) (19)

exists for allz € X and T : X — Y 1s a quadratic function satisfying

1Q() - T(@)]y < ﬁ{m) (20)

for all x € X. Moreover, if

1 ) ) .
lim klim max{|4—’j (x,—2x,2x) :n§j<n+k} =0, (21)
then T is the unique quadratic mapping satisfying (20).
Proof. Letting y = —x and z = z in (18), we get

1Q(22) — 4Q(x)[ly < |12l¢(z, —=, x) (22)

for all z € X. If we replace x in (22) by 2"x and divide both sides of (22) by
|4]"*1 then we have

for all x € X and all non-negative integers n. It follows from (16) and (23)
that the sequence {4 Q(2"z)} is a Cauchy sequence in Y for all z € X. Since
Y is complete, the sequence {4%@(2”917)} converges for all x € X.

1 n
m@@ )

1 1
— Q2 H < (2, =2, 2" 23
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It follows from (23) that

|0 - o], = | £ [Fme+n - faea]|,
< max{ ’ 42.%Q(Zi“ac) — %Q(Q%)H tm<i< n}
< |—;|max{ ’i|l¢(21x, —2x.2r) :m<i< n}

for all z € X and all non-negative integers m,n with n > m > 0. Letting
m = 0 and passing the limit n — oo in the last inequality and using (17) and
(19), we obtain (20).

The rest of the proof is similar to the proof of Theorem 2.2. |

Corollary 2.4. Let w : [0,00) — [0,00) be a function satisfying
w27 <w(2Hw(t) (E20), w27 <27

where 1 is a fived real number in (—o0,2]. Let > 0 and let Q : X — Y be a
function with Q(0) = 0 and satisfying the inequality

I1DQ(z,y, 2)lly < 0 [w(llz]]) +wlllyl) + wllz]))] (24)

for all x,y,z € X. Then there exists a unique quadratic mapping T : X —'Y
such that

1Q(x) = T(x)lly <36 2" "w(||=])
for all z € X.

Proof. Let ¢ : X3 — [0, 00) defined by

p(z,y,2) =0 [w(ll])) + w(llyll) +w(ll=l)]-
Since |[4|w(|2|7!) < [2]*7" < 1, we have

lim [4"p(>-, 2, =) < lim [4"w(|2] )", 9, 2) =0,

n—00 on’ on’ on
for all z,y, z € X. Also

p(x) = lim max{ |4|jg0(%, ! ﬁ) 0<j< n} = [4](

r —x x)
n—00 20720

27272
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and
m i it P Ty ; }
Airgol}irrolomax{ |4] g0(2j, 5 ,2j) n<j<n+k
— ntt L T8 Ly
- nh_{{.lo ‘4’ g0(2n+1’ on+1’ 2n+1) =0
for all x € X. Hence the result follows by Theorem 2.2. |

Corollary 2.5. Let w : [0,00) — [0,00) be a function satisfying
w(l2t) w([2)w(t) (t=0),  w(]2]) <[2]"

where r is a fized real number in [2,00). Let @ > 0 and let Q : X — Y be a
function with Q(0) = 0 and satisfying the inequality (24) for all x,y,z € X.
Then there exists a unique quadratic mapping T : X — Y such that

30

1Q(x) = T(x)]ly < |7|w(Hf€H)

forall x € X.

Proof. The proof is similar to the proof of Corollary 2.4 and the result follows
from Theorem 2.3. O

Corollary 2.6. Let w : [0,00) — [0,00) be a function satisfying
w(2]7) Sw(2[Mw) (t20), w27 <27

where r is a fixed real number in (—oo, %] Let@ >0 andlet Q : X —Y bea
function with Q(0) = 0 and satisfying the inequality

1DQ(x,y, 2)[ly < Ow((lz])w((lyl)wll=]]) (25)

for all x,y,z € X. Then there exists a unique quadratic mapping T : X —'Y
such that

1Q(x) = T(x)lly <0121 w(|l2|)®
forall x € X.

Proof. Define ¢ : X3 — [0,00) by ¢(z,y,z) = 0 w(||z|)w(||y|)w(||z]]). Since
[4|lw(]2]71)3 < |2]*7*" < 1, we have

lim |4|”<p(glj J z

noo on’ on’ 9n

) < lim [4]"w(]2]7)"¢(z,y,2) =0,



Hyers-Ulam-Rassias Stability of the Apollonius Type Quadratic Mapping 377

for all z,y, z € X. Also

. r —x T T —T T
2(w) = lim max { 4P (T 55 25) 10 <j <n = We(5. 55 5)
and v w
i Jin max { 415, 57 5) < g <motk )
I n+1 z —Zz z _
- nh_,HC}O ‘4’ 90(271-5-1’ on+1’ 2n+1) =0
for all z € X. Hence the result follows by Theorem 2.2. O

Corollary 2.7. Let w : [0,00) — [0,00) be a function satisfying
w(2lt) S w([2w(t) (E20),  w(]2]) <[2]"

where r is a fized real number in [2,00). Let 0 > 0 and let Q : X — Y be a

function with Q(0) = 0 and satisfying the inequality (25) for all x,y,z € X.
Then there exists a unique quadratic mapping T : X — Y such that

Q@) - T(@)lly < o (llal)?

2|
forall z € X.
Proof. The proof is similar to the proof of Corollary 2.6 and the result follows
from Theorem 2.3. O

Remark 2.8. If we let w(0) = 0 in Corollaries 2.6 and 2.7, then (by letting
z =0 and replacing x and y by —x and —y in (25), respectively) we have
1 T+y
Qz) +Qy) = 5Qy — =) +2Q(—~)

for all x,y € X. It is clear that (26) implies that Q(0) = 0. Letting x = 0 in
(26), we get that 4Q(y/2) = Q(y) for all y € X. So (26) means the following
equality

(26)

Qy — ) + Qy + ) = 2Q(x) +2Q(y)
for all z,y € X. Therefore Q) is a quadratic function.
Remark 2.9. The classical example of the function w in Corollaries 2.4 and

2.0 (respectively, Corollaries 2.5 and 2.7) is the mapping w(t) = t* (¢t > 0),
where p < r (respectively, p > r) with the further assumption that |2| < 1.
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