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Abstract

We prove the generalized Hyers-Ulam stability of the orthogonal
functional equations
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for all z,y (x L y), where L is the orthogonality in the sense of Rétz.

Keywords and Phrases: Generalized Hyers-Ulam stability, Orthogonally
additive functional equation, Orthogonally quadratic functional equation, Or-
thogonality space, Jensen additive mapping, Jensen quadratic mapping.

#2000 Mathematics Subject Classification. Primary 39B55, 39B52, 39B82, 46H25.



356 Choonkil Park and Themistocles M. Rassias

1. Introduction and preliminaries

Assume that X is a real inner product space and f : X — R is a solution of
the orthogonal Cauchy functional equation f(x+y) = f(z)+ f(y), (z,y) = 0.
By the Pythagorean theorem f(x) = ||z]|* is a solution of the conditional
equation. Of course, this function does not satisfy the additivity equation
everywhere. Thus orthogonal Cauchy equation is not equivalent to the classic
Cauchy equation on the whole inner product space. This phenomenon may
show the significance of study of orthogonal Cauchy equation.

G. Pinsker [16] characterized orthogonally additive functionals on an inner
product space when the orthogonality is the ordinary one in such spaces. K.
Sundaresan [24] generalized this result to arbitrary Banach spaces equipped
with the Birkhoff-James orthogonality. The orthogonal Cauchy functional
equation

flx+y) = flx)+ fly), =Ly,

in which L is an abstract orthogonality relation, was first investigated by S.
Gudder and D. Strawther [10]. They defined L by a system consisting of
five axioms and described the general semi-continuous real-valued solution of
conditional Cauchy functional equation. In 1985, J. Rdtz [21] introduced a new
definition of orthogonality by using more restrictive axioms than of S. Gudder
and D. Strawther. Moreover, he investigated the structure of orthogonally
additive mappings. J. Ritz and Gy. Szabé [22] investigated the problem in a
rather more general framework.

Let us recall the orthogonality in the sense of J. Rétz; cf. [21].

Suppose X is a real vector space with dim X > 2 and L is a binary relation
on X with the following properties:
(O1) totality of L for zero: # 1L 0,0 L z for all x € X;
(02) independence: if 2,y € X —{0},z L y, then x, y are linearly independent;
(03) homogeneity: if x,y € X,z L y, then ax L By for all o, f € R;
(O4) the Thalesian property: if P is a 2-dimensional subspace of X,z € P
and A € R, then there exists yy € P such that z L yy and = + yo L Ax — yo.
The pair (X, 1) is called an orthogonality space. By an orthogonality normed
space we mean an orthogonality space equipped with a norm.

The relation 1 is called symmetric if x L y implies that y 1L x for
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all z,y € X. It is remarkable to note that a real normed space of dimension
greater than 2 is an inner product space if and only if the Birkhoff-James
orthogonality is symmetric. There are several orthogonality notions on a real
normed space (see [1] and [2]).

In the recent decades, stability of functional equations have been inves-
tigated by many mathematicians (see [15]). The first author treating the
stability of the Cauchy equation was D.H. Hyers [11] by proving that if f is a
mapping from a normed space X into a Banach space satisfying || f(x + y) —
f(z) — f(y)]| < e for some € > 0, then there is a unique additive mapping
g : X — Y such that ||f(z) — g(z)]] <e.

R. Ger and J. Sikorska [9] investigated the orthogonal stability of the
Cauchy functional equation f(z + y) = f(z) + f(y), namely, they showed
that if f is a function from an orthogonality space X into a real Banach space
Y oand || f(z +vy) — f(x) — f(y)| < € for all 2,y € X with 2 L y and some
€ > 0, then there exists exactly one orthogonally additive mapping g : X — Y
such that || f(z) — g(z)|| < e for all z € X.

The first author treating the stability of the quadratic equation was F.
Skof [23] by proving that if f is a mapping from a normed space X into a
Banach space Y satisfying || f(z + y) + f(z — y) — 2f(z) — 2f(y)|| < € for
some € > 0, then there is a unique quadratic function g : X — Y such that
| f(z) —g(z)|]| < 5. P. W. Cholewa [3] extended Skof’s theorem by replacing
X by an abelian group G. Skof’s result was later generalized by S. Czerwik
[4] in the spirit of Hyers-Ulam. The stability problem of functional equations
has been extensively investigated by some mathematicians (see [5], [6], [12],
[17]-[20], [26]).

The orthogonally quadratic equation

flx+y) + flo—y)=2f(v) +2f(y), = Ly

was first investigated by F. Vajzovié¢ [27] when X is a Hilbert space, YV is
the scalar field, f is continuous and L means the Hilbert space orthogonality.
Later, H. Drljevié¢ [7], M. Fochi [8], M. Moslehian [13, 14] and G. Szab6 [25]
generalized this result.

Throughout the paper, R and R, denote the sets of real and nonnegative
real numbers, respectively.
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Let X be an orthogonality space and Y a real Banach space. A mapping
f X — Y is called orthogonally Jensen additive if it satisfies the so-called
orthogonally Jensen additive functional equation

r+y
2

2/( )= f(x)+ f(y) (1.1)

for all z,y € X with 1L y. A mapping f : X — Y is called orthogonally
Jensen quadratic if it satisfies the so-called orthogonally Jensen quadratic func-
tional equation

r+y r—y

21(F2Y) +of (S

) = f(x) + f(y) (1.2)

for all x,y € X with z L y.

In this paper, we prove the generalized Hyers-Ulam stability of the orthogo-
nally Jensen additive functional equation (1.1) and of the orthogonally Jensen
quadratic functional equation (1.2).

2. Stability of the orthogonally Jensen additive
functional equation

Applying some ideas from [9] and [12], we deal with the conditional stability
problem for

Tr+y
2

2/( ) = f(x) + f(y)

for all z,y € X with x L y.
Throughout this section, (X, L) denotes an orthogonality normed space
with norm || - ||x and (Y)]| - ||y) is a Banach space.

Theorem 2.1. Let § and p (p < 1) be nonnegative real numbers. Suppose
that f: X — Y is a mapping with f(0) = 0 fulfilling

r+y
2

12/ (=) = f(=) = fFW)lly < 0(lz[l% + llyll%) (2.1)
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for all x,y € X with x L y. Then there exists a unique orthogonally Jensen
additive mapping T : X — 'Y such that

2P0 »
17(x) ~ Ty < 5ol (2.9
forall x € X.
Proof. Putting y = 0 in (2.1), we get
x
12f(5) = f@)lly < Ol (2.3)

for all x € X, since x L 0. So

P0
15 - 5F@)l < Sl

for all z € X. Hence

opg T opk

I3 (2) = s f@mlly < 50 3 Sellall 24)

k=n

for all nonnegative integers n,m with n < m. Thus {5 f(2"z)} is a Cauchy
sequence in Y. Since Y is complete, there exists a mapping 7' : X — Y defined
by

1

T(x):= lim 2—nf(2”a:)

for all z € X. Letting n = 0 and m — oo in (2.4), we get the inequality (2.2).
It follows from (2.1) that

r+y
127°(

)= T(@) =Ty = I 2f(2x +)) — f(2'5) ~ F@9)ly

pn

0
s (l2llx + llyll%) =0

< lim
for all z,y € X with x L y. So

r+y
2

27( )= T(z) =T(y) =0

for all z,y € X with x L y. Hence T : X — Y is an orthogonally Jensen
additive mapping.
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Let L : X — Y be another orthogonally Jensen additive mapping satisfying
(2.2). Then

IT(z) = L(x)lly = %HT(Q%):L(?”%)HY

< S IF@) = T )y + 172') — L))

ortlg om
2_2p.2_n||x”X)

<

which tends to zero for all x € X. So we have T'(xz) = L(z) for all z € X.
This proves the uniqueness of T'.

Theorem 2.2. Let @ and p (p > 1) be nonnegative real numbers. Suppose
that f : X — Y is a mapping with f(0) =0 fulfilling

r+y
2

12/(—=) = f(z) = fW)lly < 0(l=zl% + llvllx) (2.5)

for all x,y € X with x L y. Then there exists a unique orthogonally Jensen
additive mapping T : X — Y such that

2P0
1£() ~ Ty < o el (26)
forallz € X.
Proof. It follows from (2.3) that
m—1 5k
127 () = 2" For )l <6 ol 2.7
k=n

for all nonnegative integers n,m with n < m. Thus {2"f(5%)} is a Cauchy
sequence in Y. Since Y is complete, there exists a mapping 7' : X — Y defined
by
) x
T(x):= lim 2”f(2—n)
for all x € X. Letting n = 0 and m — oo in (2.7), we get the inequality (2.6).
The rest of the proof is simialr to the proof of Theorem 2.1.
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3. Stability of the orthogonally Jensen quadratic
functional equation

In this section, we deal with the conditional stability problem for

r+vy
2

2/ () + 2/ () = (@) + S ()

for all z,y € X with x L y.
Throughout this section, (X, L) denotes an orthogonality normed space
with norm || - ||x and (Y,]|| - |ly) is a Banach space.

Theorem 3.1. Let 6 and p (p < 2) be nonnegative real numbers. Suppose
that f: X — Y is a mapping with f(0) = 0 fulfilling

l2f (32

)+ 2f(52) = F@) = FWly < Ollzllk + R (3.1)

for all x,y € X with x L y. Then there exists a unique orthogonally Jensen
quadratic mapping Q@ : X — Y such that

17(2) ~ Q)lly < ook (32)

forallx € X.

Proof. Putting y =0 in (3.1), we get
x
14f(5) = f(@)lly < Ozl (3.3)

for all x € X, since z L 0. So

I17@) — pf@lly < 22

for all z € X. Hence

2Pk

1 1 2P0 '«
/@) — o f )l < 203 2l (3.4)

k=n
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for all nonnegative integers n,m with n < m. Thus {; f(2"z)} is a Cauchy
sequence in Y. Since Y is complete, there exists a mapping ) : X — Y defined
by

Q(z) := lim if(2"3:)

n—oo 4m
for all z € X. Letting n = 0 and m — oo in (3.4), we get the inequality (3.2).
It follows from (3.1) that

120 52) +20(°52) - Q) - Q)lIy

= lim 22w ) + 27 (@ — ) — F(2"0) — F2)lv

n—oo
pn

4'rL

0
(Il + llylx) = 0

< lim
for all z,y € X with x L y. So

r+y
2

20(=Y) +20(=Y) - Q@) - Qy) =0

for all x,y € X with L y. Hence ) : X — Y is an orthogonally Jensen
quadratic mapping.

Let L : X — Y be another orthogonally Jensen quadratic mapping satis-
fying (3.2). Then

Q@) ~ L@y = 5 lQE@"s) = L)y

< 2 (1F@'5) ~ Q@) + 1£(2') — L) )

2p+19 opn

L p
S 4_217 47’L ||xHX7

which tends to zero for all x € X. So we have Q(x) = L(z) for all z € X.
This proves the uniqueness of Q).

Theorem 3.2. Let 6 and p (p > 2) be nonnegative real numbers. Suppose
that f : X — Y is a mapping with f(0) =0 fulfilling

r+y
2

12/ (=) = f(=) = fFW)lly < 0(lz[l% + llyll%) (3:5)
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for all x,y € X with x L y. Then there exists a unique orthogonally Jensen
quadratic mapping QQ : X — 'Y such that

27
17 (@) = Q@)lly < 55— ll=llx (3.6)
forallz € X.
Proof. It follows from (3.3) that
m—l
7 (0) 4"l <03 lely (3.7

for all nonnegative integers n,m with n < m. Thus {4"f(5;)} is a Cauchy
sequence in Y. Since Y is complete, there exists a mapping ) : X — Y defined
by

Qx) = lim 4" ()

n—oo

for all x € X. Letting n = 0 and m — oo in (3.7), we get the inequality (3.6).
The rest of the proof is simialr to the proof of Theorem 3.1.
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