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Abstract

This paper deals with the existence, uniqueness and other properties
of the solutions of certain Volterra and Fredholm type integrodifferential
equations. The well known Banach fixed point theorem coupled with
Bielcki type norm and the integral inequalities with explicit estimates
are used to establish the results.
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1. Introduction

Consider the nonlinear Volterra and Fredholm integrodifferential equations of
the forms

z(t)=g(t)+ /f (t,s,2(s),2' (s))ds, (1.1)
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and
x(t)=g(t)+ /f (t,s,2(s),2' (s))ds, (1.2)

for —oo < a <t < b < oo, where x, g, f are real vectors with n components and
" denotes the derivative. Let R™ denotes the n-dimensional Euclidean space
with appropriate norm denoted by |.| and R the set of real numbers. Let
I =la,00),J = [a,b], Ry = [0,00) be the given subsets of R and C (S, S5)
denotes the class of continuous functions from the set S; to the set Sy . For
—o<a<s<t<b< oo, uvE R, the functions g(t) and f(¢,s,u,v) are
continuous and are continulusly differentiable with respect to t.

The literature concerning the Volterra and Fredholm integral equations of
the forms (1.1) and (1.2) when the function f is of the form f(¢, s, x) is par-
ticularly rich. A good deal of information on such equations may be found in
3,5,6,8,12] and some of the references cited therein. The purpose of this paper
is to study the existence, uniqueness and other properties of solutions of equa-
tions (1.1) and (1.2) under various assumptions on the functions involved in
equations (1.1) and (1.2). The main tools employed in the analysis are based
on the applications of the well known Banach fixed point theorem (see [5, p.
37]) coupled with Bielcki type norm (see [2]) and the integral inequalities with
explicit estimates given in [10, p. 20] and [11, p. 41].

2. Existence and uniqueness

By a solution of equation (1.1) or (1.2) we mean a continuous function x(t)
for —oo < a <t < b < oo which is continuously differentiable with respect to
t and satisfy the corresponding equation (1.1) or (1.2). For every continuous
function z(t) in R" together with its continuous first derivative 2’ (¢) for —oo <
a <t <b< oowedenote by |z ()|, = |z (t)|+]2’ (t)| . Let E be a space of those
continuous functions z(¢) in R™ together with its continuous first derivative
2’ (t) in R" for —oo < a <t < b < oo which fulfil the condition

|z ()], = O (exp (M) (2.1)

where A is a positive constant. In the space E we define the norm (see [2,9])
sup

|zl = {lz (®)]; exp (=A1)} - (2.2)

—xo<a<t<b<
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It is easy to see that E with the norm defined in (2.2) is a Banach space. We
note that the condition (2.1) implies that there is a constant N > 0 such that

|z (t)]; < Nexp(At).
Using this fact in (2.2) we observe that

2|z < N. (2.3)

We need the following special versions of the inequalities given in [10, p. 20]
and [11, p. 41]. We shall state them in the following lemmas for completeness.

Lemma 1. Letu(t),p(t)e C(I,Ry), k(t,o
D={(t,o)e*:a<o<t<oo}.If

0),2k(t,0) € C(D,Ry) where

t

u(t) <p(t)+ /k (t,0)u(o)do,

a

fort e I, then

t

u(t)gp(t)—I—/B(a)exp /A(T)dT do,

a

fort e I, where

A(t) =k (11) /—kts (2.4)

B(t)=Fk(t,t)p(t) + / %k (t,s)p(s)ds, (2.5)

fort e l.

Lemma 2. Letu(t),p(t),q(t),e(t) € C(J,Ry) and suppose that

b
u(t)gp(t)—l—q(t)/e s)u(s)ds
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forte J If
dzje@M@ﬁk<L (2.6)
then a b
u®) <p®+a(0) 7y [eGp@)dsy,
forte J a

The following theorem concerning the existence of a unique solution of equa-
tion (1.1) holds.

Theorem 1. Assume that (i) the function f in equation (1.1) and its deriva-
tive with respect to t satisfy the conditions

|f (t,s,u,v) — f (¢ s,u,0)| < hy(t,s)||lu—a|+]|v—71], (2.7)
D ptsun)— Lftsan|<h(ts)u—a+lo—], (28
8t ,S,U,U 8t ,S,U,/U S No ,S u u v v s .

where fori=1,2 and a < s <t < oo, h; (t,s) € C (I*,Ry),

(1) there exist nonnegative constants oy, ay such that oy + e < 1 and

t

/ b (£, 5) exp (As) ds < ag exp (M) (2.9)

a

t

hy (t,t) exp (At) + /hg (t,s)exp (As)ds < agexp (M), (2.10)

a

fort € I, where X is as given in (2.1),
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(i) there exist nonnegative constants Py, Py such that

IMMfﬂﬂw&®W§mem, (2.11)
o
|g'(t)|+|f(t,s,0,0)|—I—/’af(t,s,0,0)‘ds§Pgexp()\t), (2.12)

where g, f are defined in equation (1.1) and X is as given in (2.1).
Then equation (1.1) has a unique solution z(¢) in F on I.

Proof. Let z (t) € E and define the operator

(Tz)(t) =g (t)+ /f (t,s,2(s),2" (s))ds. (2.13)

Differentiating both sides of (2.13) with respect to ¢ we get
/ 0
(T2) (1) =g )+ [ (Lt x(0), 2" () + [ 5of (55,2 (s), 2" (s)) ds. (2.14)

Now, we show that Tz maps E into itself. Evidently, (Tx) ,(Tx)" are contin-

uous on [ and (T'z), (Tz) € R". We verify that (2.1) is fulfilled. From (2.13),
(2.14) and using the hypotheses and (2.3) we have

(Tz) (£)| < [g (2)] +/|f(t,8,l“(8) @' (s)) — [ (£,5,0,0) +f(t5,0,0)ds

t

srwm+/umaaw@+/m@@u@mw

< Prexp (M) + |5E]E/h1 (t,s)exp (As)ds

< [Pi+ Naglexp (At), (2.15)
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and
[(Tx) ()] < 19" )|+ |f (¢, 8,2 (t) 2" (1) = [ (£,£,0,0) + f (£,£,0,0)]
—l—/'%f(t,s,x(s),x'(s))—%f(ts,o,())—i—%f(t,s,o,()) ds
<

ds+ hy (t,t) |2z (1)),

/ 0
o O+ 17 0.2.0.01+ [ | 570,500

t

+/h2 (t,s) |z (s)|, ds

a
t

< Pyexp (At) + |z|z b (¢, 1) exp (M) + |z| 5 / ha (t,s)exp (As) ds

a

< [Py + Nag|exp (At). (2.16)
From (2.15) and (2.16) we get
|(Tz) (t)], < [Pr+ Po+ N (oq + ag)]exp (M) . (2.17)

From (2.17) it follows that Tx € E . This proves that 7" maps E into itself.

Now, we verify that the operator 7" is a contraction map. Let x (¢),y (t) € E.
From (2.13) and (2.14) and using the hypotheses we have

|(T'z) () — (Ty) (1)] S/If(t,s,x(S)#C’ (s)) = f(t,s,y(s), 4 (s))lds

t

< /ﬁuu@u@»—u@hw

a
t

< o=l [ ) exp () ds

< |z —y|poexp (M), (2.18)
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and
[(Tx)' (t) = (Ty) ()] < [f (@t (1), 2" (1) = f(t, 4,y (1), y (1))

ds

[ |2 a6 ) = B 05006) 1 6)

ha (8, 8) |2 (t) =y (8], + /h2 (t,8) |z (s) =y (s)], ds

a

IN

t

< |z —ylghi (t,t)exp (M) + |z — y]E/hg (t,s)exp (As)ds

< |z —ylgazexp (Mt). (2.19)
From (2.18) and (2.19) we get
(Tx) (t) = (Ty) (D)]; < |z = ylp (a1 + az) exp (AL). (2.20)
From (2.20) we obtain
Tz —Ty|p < (a1 + a2) [z —ylp.

Since ag + ay < 1, it follows from Banach fixed point theorem (see [5,p. 37])
that 7" has a unique fixed point in £ . The fixed point of 7" is however a
solution of equation (1.1). The proof is complete.

Our result on the existence of a unique solution of equation (1.2) is embod-
ied in the following theorem.

Theorem 2. Assume that (i) the function f in equation (1.2) and its deriva-
tive with respect to t satisfy the conditions

|f (t, s,u,v) — f(t,s,u,0)| <r(ts)|u—ul+|v—"2]], (2.21)

0 0
af (t,S,U,U) - af (ta s, u, @) < 7y <t73) “U - ﬂ’ + ’U - 77“ ) (222)

where fori=1,2 and a < s <t <b,r;(t,s) € C(J* R,),
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(1) there exist nonnegative constants (1, B2 such that By + P2 < 1 and

/7“1 (t,s)exp (As)ds < By exp (At), (2.23)

/7’2 (t,s)exp (As)ds < fByexp (At), (2.24)

a

fort € J, where X is as given in (2.1).

(1ii) there exist nonnegative constants (1, Qs such that

b
9 (8)] + / F(£5.0.0)[ ds < Qs exp (M), (2.25)

b
50+ [ | 65.0.0) s < Quesw ), 2:26)

where g, [ are defined in equation (1.2) and X is as given in (2.1).

Then equation (1.2) has a unique solution z(¢) in E on J.

Proof. Let z (t) € E and define the operator
b
(Sz)(t) =g (t) + /f (t,s,2(s),2' (s))ds. (2.27)
Differentiating both sides of (2.27) with respect to t we get
b
(Sz)' (t) = ¢ (t) + / %f (t,s,x(s),x (s))ds. (2.28)

The rest of the proof follows by the similar arguments as in the proof of
Theorem 1 with suitable modifications. We omit the details.
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Remark 1. We note that the norm |.|; defined by (2.2) was first used by
Bielecki [2] in 1956 for proving global existence and uniqueness of solutions
of ordinary differential equations. For developments related to this topic, see
[4,7] and the references given therein.

Indeed, the following theorems are true concerning the uniqueness of solu-
tions of equations (1.1) and (1.2) without existence parts.

Theorem 3. Assume that the function f in equation (1.1) and its derivative
with respect to t satisfy the conditions (2.7) and (2.8). Further assume that
hy (t,s),hs (t,s) are continuously differentiable with respect to t and are non-
negative and hy (t,t) < ¢, where ¢ < 1 is a constant. Then the equation (1.1)
has at most one solution on I.

Proof. Let z(t) and y(¢) be two solutions of equation (1.1). Then we have

IA
=
H~
)
H
/\
\_/
SN—
\
~
\.C‘#
»
<
—~
)
N~—
QQ\
—~
)
N—
=
QU
)

+/ '%f(t,S,x(S) 2’ (s)) — %f(t, s,y(s),y (s))|ds

IN

/fn (t,8) [l (s) =y ()| + 2" (s) =9/ (5)llds

+h (t,1) [ (8) —y (O] + [« (£) =y (1)]]

t

+ / ha (8, 9) [l (s) — y ()] + ' (5) — ' (s)]]ds. (2.29)

a
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From (2.29) and using the assumption h; (t,t) < ¢ we observe that

o (1)~ y ()] + la' (1) — /' (1)
i) e ) [ (9) — y ()] + 12 () — o (9. (230)

a

<

Now an application of Lemma 1 (when p(¢) =0 ) to (2.30) yields

[z (t) =y (O] +[2" (t) —y' ()] <0,

and hence z (t) = y (t) . Thus there is at most one solution to equation (1.1)
on [ .

Theorem 4. Assume that the function f in equation (1.2) and its deriva-
tive with respect to t satisfy the conditions (2.21) and (2.22) with r; (t,s) =
q(t)e;(s) fori=1,2 , where q,e; € C(J, Ry) and let

b

dy = / le1 (s) +ea(s)]g(s)ds < 1.

a

Then the equation (1.2) has at most one solution on J .

Proof. Let z(t) and y(t) be two solutions of equation (1.2). Then we have

|z (8) —y ()] + 12" (t) — ¢/ (2)]

< / f (@t 5,2 (s), 2" (5)) = f(t, 5,y (s), 4 (5))|ds

b
+f \%m,s,x(s) () = 2 7 (b5, (5). o (5)|ds
b

< q() / [er (s) + €2 (s)] [|z (s) =y (s)] + |2 (s) — ¢/ (s)[]ds. (2.31)

a

Now an application of Lemma 2 (when p(t) = 0 ) to (2.31) yields

[z (t) —y O]+ 12" (t) —y' ()] <0,
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and hence z (t) = y (t) , which proves the uniqueness of solutions of equation
(1.2) on J .

3. Estimates on solutions

In this section we obtain estimates on the solutions of equations (1.1) and (1.2)
under some suitable conditions on the functions involved therein.

First, we shall give the following theorems concerning the estimates on the
solutions of equations (1.1) and (1.2).

Theorem 5. Assume that the functions g, f in equation (1.1) and their
derivatives with respect to t satisfy the conditions

lg()] + 19" @) <r(t), (3.1)
|f (t,s,u,v)| < hi(2,s) [Ju] + |v|], (3.2)
O Ftsou,0)| < ha (8, 9) [[u] + o] (3.3)
gt/ b w o) < ha (i, ’ '

where v (t) € C(I,Ry) and for i = 1,2, a < s <t < oo, hi(t,s), 2h; (t,s)
€ C(I*,Ry). Let k(t,s) = hyi(t,s) + ha(t,s) and assume that hy (t,t) < c,
where ¢ < 1 is a constant. If x(t) , t € I is any solution of equation (1.1),
then

t t

+/&@wm /&@dem (3.4)

a e

r(t)

1-c¢

|z ()] + |2 ()] <

fort € I, where Ay (t) and By (t) are defined respectively by the right hand
sides of (2.4) and (2.5) by replacing k(t,s) by kl(t_“z) and p(t) by ;(—_t)c :
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Proof. By using the fact that = (¢),t € I is a solution of equation (1.1) and
hypotheses we have

& ()] + |2 (¢ |+/|ftsx 2 (3))]ds

o O +1F 100 0) |+/\at Fltsa(s),a! ()| ds

t

< r(t)+ / ha (,5) [[2 ()] + |2’ (5)]) ds

a
t

+h (8,1) [l ()] + 2" (#)]] + /hz (t,5) [lz (s)] + |2’ (s)[] ds. (3.5)
From (3.5) and using the assumption h; (t,t) < ¢ we observe that
e+ O < T2 4 (R (e (9] + 1 (9)ds. (36)

a

Now an application of Lemma 1 to (3.6) yields (3.4).

Theorem 6. Assume that the functions g, f involved in equation (1.2) and
their derivatives with respect to t satisfy the conditions

9 (0] +1g' (O] < h (@), (3.7
1 (s o) < g (@) er () [l + o] (33
0 (5,0 < a0 () [l + bl (39

where h(t),q(t),e1 (t),e2(t) € C(J,Ry) and let dy be as in Theorem 4. If
x(t),t € J is any solution of equation (1.2), then

lz ()| + |2 ()| < h(t)+q(t) {1 —1d1 /[el (s) + ez (s)]h (s) ds} . (3.10)

a

fort e J
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The proof follows by the similar arguments as in the proof of Theorem 5
and applying Lemma 2. We leave the details to the readers.

Remark 2. We note that the estimates obtained in (3.4) and (3.10) yield,
not only the bounds on the solutions of equations (1.1) and (1.2) , but also the
bounds on their derivatives. If the bounds on the right hand sides in (3.4) and
(3.10) are bounded, then the solutions of equations (1.1) and (1.2) and their
derivatives are bounded.

Next, we shall obtain the estimates on the solutions of equations (1.1) and
(1.2) assuming that the function f and its derivative with respect to ¢ satisfy
Lipschitz type conditions.

Theorem 7. Assume that the function f and its derivative with respect to
t satisfy the conditions (2.7) and (2.8). Let fori = 1,2, hi(t,s), Dhi(t,s),
k(t,s),hi(t,t) and c be as in Theorem 5 and

o (t)=If 1.1t |+/|f tsg (s |+/’at (t5.9(5),0' ()]

where g is defined as in equation (1.1). If x(t),t € I is any solution of
equation (1.1), then

|z (t) — g (0] + 12" (t) — g (2)]

t t

< a () +/B2 (o) exp /Al (1)dr | do, (3.11)

a e}

fort € I, where Ay (t) and By (t) are deﬁned respectively by the right hand
sides of (2.4) and (2.5) , replacing k(t, s) by & 47 L) and p(t) by %
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Proof. Since x(t) is a solution of equation (1.1), by using the hypotheses we

have
() — g ()] < / F (652 (s) 2 (3)) — £ (5,9 (5) . g (5))|ds
/ £ (55,9 (5) g (5))ds
< / F(t5,9(5), o (s))lds + / ha (8,8) [l (3) — g ()] + |2 (5) — ¢/ (5)]ds.
' (3.12)
and

2" () =g O] < |f (8,2 (@), 2" (1) = f(t.t,9 @), g O +f(tt,9(t), 9" (1))

e [ - Lo .50

4[5t ts0(5).0 (5)]ds
< |f(ttg(t |+/‘ (t,s,9(s (s))|ds
+h1t<tt>[|x<> 00+ 2’ (1)~ g ()]
# [ ha(t5) (9 = g 6)] + 12 (5) = o' (5 (3.13)
From (3a12), (3.13) and using the assumption hy (t,t) < c we observe that
20 =9 O]+ 1 (@)~ ' @)
< 2 (Rl @ - g 0+ ()~ (s (319)

a

Now an application of Lemma 1 to (3.14) yields (3.11).
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Theorem 8. Suppose that the hypotheses of Theorem 4 hold and let

b b
3= [ 17 (05900 GDlas+ [ | 5700600 6D,

forte J Ifx(t) , t € J. is any solution of equation (1.2), then

2 (t) = g ()] + |2" (t) — g (1)]

< a(t)+q(t) . —1d1 / le1 (s) +ea(s)]a(s)ds p, (3.15)

forte J.

The proof follows by the similar arguments as in the proof of Theorem 7
with suitable modifications. We omit the details.

4. Continuous dependence

In this section we shall deal with the continuous dependence of solutions of
equations (1.1) and (1.2) on the functions involved therein and also the con-
tinuous dependence of solutions of equations of the forms (1.1) and (1.2) on
parameters.

Consider the equations (1.1) and (1.2) and the corresponding Volterra and
Fredholm integral equations

MﬂZG@+/F@&M$M@D%, (4.1)

and

<

—~
~+

~—
I

G0+ [ Fitsy(s).y (9)ds (4.2)
for —oo < a <t <b< oo, where y, G, F' are real vectors with n components.
The functions G(t) and F(t,s,u,v) for —oo <a < s <t <b < oo,u,v € R"
are continuous and are continuously differentiable with respect to ¢ .
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The following theorems deals with the continuous dependence of solutions
of equations (1.1) and (1.2) on the functions involved therein.

Theorem 9. Assume that the function f in equation (1.1) and its derivative
with respect to t satisfy the conditions (2.7) and (2.8). Let for i = 1,2,

hi (t,s), %hi (t,s) , k(t,s),hy(t,t) and c be as in Theorem 5. Suppose that

Ig(t)—G(t)l+/|f(t,8,y(8),y’(8))—F(ts,y(S),y’(S))ldSSﬁ (1),

(4.3)
9 () =G O] +1f (6ty (0.5 () = F 6ty (0).y (1)
b s 6) = GF s () G| ds < a0, ()

where g, f and G, F are the functions involved in equations (1.1) and (4.1) and
ri(t),r2(t) € C(I,R:). Let x(t) and y(t) , t € I be the solutions of equa-
tions (1.1) and (4.1) respectively. Then the solution x(t) , t € I of equation
(1.1) depends continuously on the functions involved on the right hand side of
equation (1.1).

Proof. Using the facts that x(t) and y(t) are the solutions of equations (1.1)
and (4.1) and the hypotheses we have

[z () —y ()] < g (1) —G(t)l+/|f(t,8,$(8)7f€’ (s)) = f(t,s,y(s), 4 (s))lds

t

+/|f(t, $,y(s),y () = F (t,5,9(s),y (5))lds
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and

2 () =y O < g () =GO +1f (&t 2 (t), 2" (1) = f(t. L,y @),y (1))
+ ’f (t>t7 Y (t> >y/ (t)) —F (tata Y (t> >y/ (t))|

< () +ha (60) [l2 () —y ()] + [ (1) =" ()]

+/h2 (t,5) [lz (s) =y ()| + |2" (5) — ¢/ (s)[]ds. (4.6)

a

From (4.5) and (4.6) and using the assumption that hy (¢,t) < ¢, it is easy to
observe that

[ (t) =y (O] + |2" (¢) — ¢ (1)]

<nlxnl, [ e ) =y (6 + o)~ o/ (s))ds. (0.7

a

Now an application of Lemma 1 to (4.7) yields

1—c¢

a (e

2 (@) —y O+’ (1) — ' ()] < LD ER WO [ Ba(oye ( Jaw df) o,

(4.8)
for t € I, where A, (t) and Bjs (t) are defined respectively by the right hand

sides of (2.4) and (2.5), replacing k(t, s) by @ and p(t) by =020 prom

1—c
(4.8) it follows that the solutions of equation (1.1) depends continuously on

the functions involved on the right hand side of equation (1.1).

Theorem 10. Assume that the hypotheses of Theorem 4 hold. Suppose that

b

lg (t) = G(t)|+/ f (&, s,y (s), 9 (s)) = F(t,s,y (s) ¢/ (s))lds < 7 (2), (4.9)

a
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o (0= O+ [ |51 (05.0(6) o/ (9) = 5oF tsy (9.0 ()]s <720,

(4.10)
where g, f and G, F' are the functions involved in equations (1.2) and (4.2) and
71 (t), 7o (t) € C(J,Ry). Let x(t) and y(t) , t € J be the solutions of equa-
tions (1.2) and (4.2) respectively. Then the solution x(t) , t € J of equation
(1.2) depends continuously on the functions involved on the right hand side of
equation (1.2).

The proof follows by closely looking at the proof of Theorem 9 and by
making use of Lemma 2. Here, we omit the details.

Next, we consider the following Volterra and Fredholm type integral equa-
tions

SO =9O+ [ F(t520).2 () i, (4.11)

z(t)=g(t)+ /f (t,s,2(s),2" (), po)ds, (4.12)
and “ ,

z(t)=g(t)+ /f (t,s,2(s),2' (s),p)ds, (4.13)

z(t) =g (t)+ /f (t,8,2(5),2" (), po)ds, (4.14)

for —oo < a <t <b< oo, where z, g, f are vectors with n components and
I, [ are real parameters. For —oco < a < s <t < b < oo,u,v € R*", )\ €
R, the functions ¢(t) and f (t,s,u,v, ) are continuous and are continuously
differentiable with respect to t .

Finally, we present the following theorems which deals with the continu-
ous dependency of solutions of equations (4.11), (4.12) and (4.13), (4.14) on
parameters.
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Theorem 11. Assume that the function f in equations (4.11),(4.12) and its
deriwative with respect to t satisfy the conditions

If (¢, s,u,v, 1) — f(t,s,0,0,u)| < hy(t,s)[|lu—a|+|v—71], (4.15)
(s v) — F (b suvm) <er(ts) n—pol,  (4.16)
O s v ) — o (05,80 < o (t5) a7+ o — 2], (417

0
ot

where hy, ho,e1,e5 € C (I%,R,). Let, fori= 1,2, h; (t,s), %hi (t,s),k(t,s),hs(t,1)

and ¢ be as in Theorem 5 and

<er(ts)ln—pl,  (4.18)

0
f(t S, U, v /“L) atf(t7 S,U,U,M0>

t

B(t) =e (t,t) + / le1 (t,s) + ez (t,s)]ds.

a

Let z1 (t) and z3 (t) be the solutions of equations (4.11) and (4.12) respectively.
Then

t

10— 2 011 0 - % 0] < L2504 [ By | [ v (ryar | do

(2.19)
where Ay (t) and By (t) are deﬁned respectively by the right hand sides of (2.4)
and (2.5), replacing k(t, s) by i and p(t) by = ”0|ﬁ( t) .

Proof. Let w(t) =z (t) — 22 (t) . Using the facts that z; (¢) and z; (t) are
the solutions of equations (4.11) and (4.12) we have

/ |f (tv 5,21 (S) in (S) >:U“) - f (tv S, 22 (S) 7Zé (8) ,M)|d$

#1509, 2 (5) o) = (85,20 (9) 5 (5) s

t

< [ lwEl+ e @ds+ [ets)ln-pmplds (@420)

a a
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W' @O < |f(tt 2 (), 2 (8),m) = f 82 (t), 2 (), )
+‘f(tat722 (t)vzé (t)7ILL> —f(t,t, z2 (t),Zé (t>>,u0)|

0 0

b ot 21 (5) 21 6) ) = 5 (b5, 2 () )

ds

ds

b Lo s 60 06000~ o 05,2 50, ) )

IN

ha (8,8) [lw (0] + [w" (0] + ex (8,) [ = pol

+ / ha (t,s) [Jw (s)| + |w' (s)]] ds + /62 (t,s) | — polds. (4.21)

From (4.20) and (4.21) and using the assumption hy (¢,t) < ¢, it is easy to
observe that

t

@]+ 0] < B30+ L) o ) + ! () ds. (422

a

Now an application of Lemma 1 to (4.22) yields (4.19), which shows the de-
pendency of solutions of equations (4.11) and (4.12) on parameters.

Theorem 12. Assume that the function f in equations (4.13), (4.14) and
its derivative with respect to t satisfy the conditions

|f (t,s,u,v, 1) — f(t,s,a,0,p)] < q(t)er(s)[lu—a|+|v—1], (4.23)

|f (ta S,U,’U,[L) - .f (ta 37%1)7#0)’ < 4! (t,S) |H - :u0| ) (424)

i (s = 5 s 00| < 2@ ) -1l + o —oll, (129

0 0
_f (t757u7v7u> - _f (t,S,u,'U,ILto) < V2 (ta S) ‘,u - ,LL0| ) (426)

ot ot



On Volterra and Fredholm Type Integrodifferential Equations 309

where q,&,,8 € C (J,Ry),m,72 € C(J* Ry). Let
b

) (t) = / (8, 5) + 72 (8, 5)]ds,

a

and suppose that
b

dy = / [e1(s) +ea(s)]g(s)ds < 1.

Let z1 (t) and z; (t) be the solutions of equations (4.13) and (4.14) respectively.
Then

|21 () — 2o (8)| + |21 (t) — 2o (1)
b
1_1d2 /[61 (s) +e2(s)]v(s)ds o], (4.27)

a

< fu—pol [ () +q()
fort e J.

The proof is similar to that of Theorem 11 with suitable modifications and
by making use of Lemma 2. We omit the details.

Remark 3. In a recent paper [1] , the authors have studied the existence,
uniqueness and approzimation of solutions of equation (1.2) in a Banach space
by using Perov’s fixed point theorem, the method of successive approrimations
and a trapezoidal quadrature rule. We note that our approach to the study of
equations (1.1) and (1.2) is different and we believe that the results given here
are of independent interest.
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