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Abstract

In this paper we show that Hyers-Ulam-Rassias stability holds for
Pexiderized additive functional equations in the framework of intuition-
istic fuzzy Banach spaces. We consider a two-variable pexiderized addi-
tive functional equation. The approach to the present stability problem
is through fixed point method for which we apply the Banach contrac-
tion mapping principle in generalized metric spaces which is a structure
where infinite distances are admissible.

Keywords : Hyers-Ulam stability; Pexider type functional equation; intu-
itionistic fuzzy normed spaces; alternative fixed point theorem.

1 Introduction

In Mathematics, functional equation are studied in various contexts. In par-
ticular the study on the stabilities of functional equation has a large literature.
It started with the basic question raised by Ulam [20] which was partially an-
swered by Hyers [9] and Raasias [16]. This type of stability is now known as
Hyers-Ulam-Rassias stability or in short H-U-R stability.
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Our background of work is intuitionistic fuzzy metric space [15] . As is well
known, the fuzzy concept introduced in 1965 by Zadeh [22] created a new trend
in almost all branches of pure and applied Mathematics. In particular fuzzy
mathematics was introduced in linear algebra and functional analysis which
has led to the definition of fuzzy Banach spaces. The concept of fuzzy set has
been further extended in many directions [1, 19] of which intuitionistic fuzzy
set [1] is an instance where in addition to the degree of membership there is
also a degree of non-membership. Fuzzy Banach spaces are also extended to
intuitionistic fuzzy Banach spaces in works like [10, 11, 13, 14, 21].

We establish a stability result for a Pexiderized additive functional equation
in intuitionistic fuzzy normed linear spaces [2] . The equation involves two
variables. We apply an extension of the Banach contraction mapping principle
in generalized metric spaces to our problem. Generalized metric space was de-
fined [%] by modifying the metric into an extended real valued functions which
can take up infinite values. An illustrative example is also discussed.

2 Mathematical Preliminaries:

Definition 2.1. [7] Consider the set L* and the order relation <;. defined by

L = { (21, 22) : (21, 72) € [0,1]% and z; + 29 < 17},
(z1,22) <+ (Yy1,%2) © 1 <y, 22 >y, V(21,22), (Y1,y2) € L*.

Then (L*, <p+) is a complete lattice.
The elements 0z« = (0, 1) and 1,« = (1, 0) are its units.

Definition 2.2. [22] A fuzzy set A of a non-empty set X is characterized by
a membership function 4 which associates each point of X to a real number
in the interval [0, 1]. With the value of pa(x) at x representing the grade of
membership of x in A.

Definition 2.3. [I] Let E be any nonempty set. An intuitionistic fuzzy set A
of E is an object of the foorm A = {(x, pa(x),va(z)) : x € E}, where
the functions pg : £ — [0, 1] and vy : E — [0, 1] denote the degree
of membership and the degree of non-membership of the element =z € FE
respectively and for every x € F,

0 <pa(z)+wva(z) <1

For our notational purposes we denote an intuitionistic fuzzy set on X by
a function 4, , =: X — L* given by A, ,(x) = (pa(z),va(x)) with
pa, va X — [0,1] satisfying 0 < pa(z) + va(x) < 1.

Definition 2.4. [7] A triangular norm ( t-norm) on L* is a mapping
[ : (L*)? — L* satisfying the following conditions :
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(a) (Vo € L*) (I'(x, 15+) = x) (boundary condition ),
(b) (V(z,y) e (L*)?)(T(z,y) =T (y,z)) (commutativity),
(¢) (V(z,y,2) € (L*)*)(T(z,T(y,z)) =T(T(z,y), 2)) (associativity ),

(d> (V(az‘,x’,y,y’) € (L*)4)(~T <p x' and
y <p-y =TI (r,y) <~ I'(z',y")) (monotonicity ).

Definition 2.5. [7] A triangular conorm ( t-conorm) on L* is a mapping
S : (L*)? — L* satisfying the following conditions :

(a) (Vx € L*)(S(x,0.+) = ) (boundary condition ),
(b) (V(z,y) e (L*)?)(S(x,y) = S(y,x)) (commutativity),
(¢c) (V(z,y,2z) € (L*)P)(S(z,S(y,z)) =S5(S(x,y), z)) (associativity ),

(d) (V(z,2",y,y") € (L)) (x <z« 2’ and
y <p»y' = S(x,y) <~ S(z’,y")) (monotonicity ).
If T" is continuous then I' is said to be a continuous t-norm.

Definition 2.6. [7] A continuous t-norm I' on L* is said to be continuous
t-representable if there exists a continuous t-norm * and there exists a contin-
uous t-conorm ¢ on [0, 1] such that for all z = (21, 22), ¥y = (y1, y2) €
LY, T'(x,y) = (21 x y1, 22 0 y2)

We now define the iterated sequence I'" recursively by I'" = I' and

() 22 gty = () (D) (2 gy gty
Vo >2, 200 e L*.

Intuitionistic fuzzy normed linear space was defined by Saadati [17]. Shak-
eri [18] has stated this definition in more compact form. We state the definition
in the form used by Shakeri [18]

Definition 2.7. The triple (X, P, ,, T") is said to be an intuitionistic fuzzy
normed space (briefly IFN-space) if X is a vector space, T is a continuous
t-norm and P, , is a mapping X x (0, co) — L* which is an intuitionistic
fuzzy set satisfying the following conditions :

forall x,y € X and t, s > 0,
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(i) Puw(z,0) = 0p;
(ii) P, (z,t) =1z~ ifand onlyif z = 0;

(ii1) P, (ax,t) = P,, (x : ) for all o # 0;

" o]
(iv)PM,,,(a:+y,t+8) > F(pu,u<xat)a P,u,l/(yas))'

It can be noted that P, , has the form

P, t) = (o (8), 1 (£)) = (u(2,t), v (x, t)) such that
0 < pe(t)+wv,(t) <1forall x € X andt > 0. Then with p and v the
above definition reduces to the more explicit form used in [17].

Example 2.8. Let (X, ||.||) be a normed linear space. Let
M(a,b) = (min{a, by}, max{as, ba})

for all @ = (a1,a2), b = (b1,by) € L* and for a,b € [0, 1] Then
M (a,b) is continuous t-norm.

Definition 2.9. (1) A sequence {z,} in an IFN-space (X, P, ,, M) is
called a Cauchy sequence if for any € > 0 and ¢ > 0, there exists ng € N
such that

Poy(xn —xm,t) >+ (1 —e,e),Vn,m > ng
(2) The sequence {z,} is said to be convergent to a point x € X if
P,,(xn, —x,t) = 1« as n — oo forevery t > 0.

(3) An IFN-space (X, P, ,, M) is said to be complete if every Cauchy
sequence in X is convergent to a point x € X. A complete intuitionistic fuzzy
normed space is called an intuitionistic fuzzy Banach space.

We require the following generalized metric space and the fixed point result
in generalized metric spaces to establish our result of stability in this paper.

Definition 2.10. Let X be a nonempty set. A function d : X x X —
[0, co] is called a generalized metric on X if d satisfies

(i) d(z,y) = 0 ifand only if z = y;

(ii) d(x,y) =d(y,z) forall z,y € X;

(iii)d(z,y) < d(x,z) +d(z,y) forall z,y, 2z € X.

Then (X, d) is called a generalized metric space or a g. m. s..

The essence of the above definition is that the distance function can now
assume infinite value.
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Definition 2.11. [3]) Let (X,d) be a g. m. s., {z,} be a sequence in X,
and r € X. We say that {z,} is g. m. s. convergent to x if and only if
d(x,,x) — 0 as n — oo. We denote this by z,, — z.

Definition 2.12. [3]) Let (X,d) be a g. m. s. and {z,} be a sequence in
X. We say that {z,} is Cauchy sequence if and only if for each ¢ > 0, there
exists a natural number N such that d(z,,z,,) < N for all n > m > N.

Definition 2.13. [3]) Let (X,d) be a g. m. s. Then (X,d) is called a
complete g. m. s. if every g. m. s. Cauchy seugence is g. m. s. convergent in
X.

Theorem 2.14. ([12] and [5]) Let (X, d) be a complete generalized met-
ric space and let J : X — X be a strictly contractive mapping with Lipschitz
constant 0 < L < 1, that is,

d(Jz,Jy) < Ld(z,y),

forall x,y e X.
Then for each x € X , either

d(J"x, J"x) =00, ¥Vn >0

or,
d(J"z, J"r) < o0 ¥Yn >n,

for some non-negative integers ng. Moreover, if the second alternative holds
then

(1) the sequence {J"x} converges to a fized point y* of J;

(2) y* is the unique fived point of J in the set

Y ={ye X :d(J™z,y) < ©};
(3)d(y,y*) < (25)d(y, Jy) forall y € Y.

The following is the definition of Pexiderized additive functional equation
in two variables.

A mapping f : Rx R — Rissaid to be an additive form if f(z, y) = ax+by
for all z,y,a,b € R.
If X and Y are assumed to be a real vector space and a Banach space respec-
tively then for a mapping f : X x X — Y, consider two variables functional
equation corresponding the Cauchy functional equation

fle+y)=f(z)+ f(y)
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as

Any solution of (1) is termed as an additive mapping. Particularly, if X =

Y = R, the additive form f(z, y) = ax + by is a solution of (1). The form
flz+y, z+w) =gz, z2)+ h(y,w) (2)

is known as Pexiderized additive functional equation in two variables which is

an extension of the above definition of additive functional equation [0].

3 The H-U-R Stability Result

Theorem 3.1. Let X be a real linear space, (Z , P’
o X x X x X x X — Z bea function such that

P, ,(¢(32,3y,32,3w),t) > P, (ad(x,y, z,w),t) (3.1)

[') be a IFN-space,

Vo

for some real  with 0 < a < 3, and
nhi& P, ,(¢(3"x, 3"y, 3"z, 3"w), 3"t) = 11 (3.2)

forall x,y, z,w € X and t > 0. Let (Y, P,,,I') be a complete IFN-
space. If f, g, h : X x X — Y are mappings such that

PN7V<f<x+y7 z+w)—g(:c,z)—h(y,w),t) ZL* Plu,u((b(xa y7 va>7t)
(3.3)

(z,y, z,w € X, t>0).

Then there exists a unique additive mapping A : X x X — Y define by

A(z,z) = lim (”3”’3;?_’[(0’0)) for all x, z € X satisfying

n—oo

Puo(f(2,2) = f(0,0) = A(z, 2), 1) 2= Mi((,2),1(3 —«a)) (34)

where

( using the notation of Definition 2.6)
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t Yoy w o w t
Plhlo(5.555)7) Plavlo(8 55 5) 1 3.9
”((b 2727272/ 74) " " ¢2’2’2’2 4 (39)
Now putting y = —z and w = —z in the equation (3.9), we get

Pruo(2£(0,0) = f (w.2) = f (=2, -2), )

2ot (P (0(5 5057 ) 1) e (0 (5
t

i

T
2
t —-r —x —zZ —z
Pl (6 (L 522), ) P, —r - =z =2
1y ((b 2727272 74 ) 1, ¢ 27 27 27 2 I

For our purpose let us define F(x, z) = f(x, z) — f(0,0) such that it is satisfies
(3.10). Clearly, F'(0,0) =0 for all z € X. So (3.10) becomes

8
|
8
I\
|
N

g—_ﬂv,z,—_Z),t),p/W (¢<—_x,£,—_2,z>,z>7
27272 2 4 272 272 4
, T T z Z t , r —r —2 —z t
(G250 (o (2 55 %) )
(3.11)
Also replacing x = —z, y = 3x and z = —z, w = 3z respectively in (3.9),
we have

P,,(2f(z,2) —2f(0,0) — (—z, —2) + f(0,0) — F (3z,3z) + f(0,0), 1)

=P, ,(2F (z,2z) — F(—z,—2) — F (3x,32), t)

) —x 3z —z 3z t 3z —x 3z —=z
st (o (2030 223 LY pey, (o (B0 2E B 2
— L { u, (¢(2727272)74>7 uw, (¢(2727272)7

—xr —xr —z —Z t 3z 3z 3z 3z t

P, v A ) A ) A A& n p, v a0 a8 ) a0 o y
o <¢(2’2’2’2)’4)7 H (¢(2 2 2 2) 4)}
(3.12)

Hence we have

t
4 )
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= M ((z, z), 2t) (3.13)
forall z,z € X, t>0.

P,,(F (32,32) = 3F (z,2),t) > Mi((z,2),1t) (3.14)

Now consider the set
E:={G: Xx X - Y/Gx z2) = g(x,z) —g(0,0),9g : X x X — Y}
for allz, z € X and introduce a complete generalized metric [5] on E

d(G,H) =imf{k e R": P, ,(G(zx,z)—H(z, 2), kt) > My ((x,2),t)}
forallz, 2z € X,t >0and G, H € E.

Consider the mapping J : £ — FE such that
JF(z, z) = F(?’;’?’Z) = f(3z,3zg;f(o,o) forall FF € E and z, z € X.
We now prove that J is a strictly contracting mapping on E with the Lipschitz
constant g.
Let G, H € E and € > 0. Then there exists ¥ € R" satisfying
P,,(G(z,z)— H(x,2),Kt) > My((z, 2),1)
such that d(G, H) < K < d(G, H) + ¢

Then
inf{k € R": P, ,(G(z, 2) — H(z, 2), kt) >1- Mi((z, 2),t)}
<K <d(G, H)+¢
that is,
H
inf{ke R+;PM,V(G(3”; 32) _ (3;”’ 3”2),%)@ Ml((3x,3z),t)}
<d(G,H)+ ¢
that is,

kt
inf{k: € R": P, (JG(x, z) — JH(x, z),?) > My (3z, 32), t)}
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<d(G,H)+ ¢
that is,

inf{ke R*: P, (JG(x, z)— JH (z, z),%) > My((z, 2), t)}

<d(g,h)+e

as My ((3",3"2),t) = My ((z, 2), &)

or,d {2(JG,JH)} <d(G,H) + ¢

or, d{(JG,JH)} < §{d(G,H) + ¢}

Taking e — 0 weget d {(JG, JH)} < §{d(G, H)}
Therefore J is strictly contractive mapping with Lipschitz constant
Also from (3.14) d(F,JF) <

and d(JF,J?F) < Sd(F,JF) < o

Again replacing = by 3"z in (3.14) we get

P, (F 3™z 3m12) —3F(3"2,3"2),t) >1- My((3"z,3"2),t)

n+l, gn+l ng 3n
or, P#’V(F(?) 3nx+:1)) z)  F(3 332,3 2)7 3nt+1> ZL* ]\41(<3nx7 3n2)7 t)

el
3"

t
EL* Ml((l'a Z)? m)

or, P, , (J”HF(x, z)— J"F(x, z), t(%g)n> > My ((z, 2), t)

, T

Hence d(J™™ F,J"F) < 3(%)" < oo as Lipschitz constant § < 1 for
n > ny = 1.

Therefore by Theorem 2.14 there exists a mapping A : X x X — Y such
that the following holds
1. A is a fixed point of J, that is, A(3x,3z) = 3A(z, z) forall z, z € X.
The mapping A is a unique fixed point of J in the set
E,={GeFE :d(J"F,G)=d(JF,G)< o}
Therefore d(JF, A) < co.
Also from (3.14) d(JF,F) < 5 < o0
Thus F € E;
Now, d(F,A) <d(F,JF)+d(JF,A) < .
Thus there exists k € (0, co) satisfying

P, (F(x,2z)— A(z, 2), kt) > Mi((x, 2), t)

forallz, z € X, t > 0;
that is,

PﬂvV(f(xv Z) - f(07 O) - A(:L’, Z)? kt) 2L Ml((xv 1:)7 t)
Also
P, (F(3"x,3"2)—A(3"2,3"2), kt) > Mi((3"z,3"2), t)
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or,

(F(?)”x, 3vz)  A(3"x,3"z) kt
P,

3" 3" T3
or,
A(3"z,3"z) ka™t
P%V <JnF<x7 Z) - ( 3n >7 3n ) > Ml((‘ra Z)a t)
2. d(J"F,A)

=inf{k € RT : P, (J"F(x,2)=A(x, 2),(§)"kt) > My ((z, 2), L },
since, A(3"x,3"z) = 3"A(z, )
Therefore d(J"F,A) < (§)"k — 0 as n — oo. This implies the equal-

1ty
F(3" n
A(z,z) = lim J"F(z,2) = lim (3"x,3"2)
n—00 n—o0 3n
~ lim f(3mz,3"z) — £(0,0) 5.15)
n—oo 3n

for all x, z € X.

3. d(F,A) < #5d(F,JF) with F € E; which implies the inequal-
ity

d(F,A)<
then it follows that

P,,(A(z,2) = F(z, 2),

It implies that
Pu,(A(z, z) — F(x, 2),t) > My((z, 2), (3—a)t)
That is,
Puu(A(z, 2) = f(z,2) = f(0,0), 1) 2« Mi((2, 2), (3—a)t) (3.16)

for allz, z € X;t > 0.
Also from the definition of A we have
A(3z, 3z) =3 A(x, z) and A(0,0) =0 (3.17)

Now
P, .,(2AQ2x, 22) — 4A(z, 2), t)
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2F (3" 2z, 3" 2 F(3m+ g, 3nt!
— P, ( (2A(2x, 02y - G 3“2’ D A 32) + 2 ;; 2)
F3"x, 3"
Al o) + <x—2>)
37‘L
2F(3" 2z, 3"2z)  F(3"z, 3"tlz)  F(3"x, 3"2)
* 3n - 3n - 3n !

2F (3" 2, 3722) ¢
ZL*P?’{P#,V(zA(zx,%)— (3" 2z, 3" 2z) —>,

3" "4
F n+1 n+1 t F 3n 3n t
P,. (A(?)x, 3z) — B @ 37 2) —) s P (A(x, z) — FEe,372) —>,

3n "4 3n "4
p 2F(3"2x,3"22)  F(3"''x,3"z)  F(3"x,3"2) t
v 3n 3n 3n "4
2F(3" 2z, 3" 2z2) t
=T3P, (2421, 22) — (3" 2, 3"22) 1
’ 3n 4
F(3mig, 3ntlz) ¢ F(3"z, 3"2) t
Po (Ar 32 - FEE T ) o (A - SEREE D)

3"t
P, <2F(3” 21, 3"2z) — F(3"'x, 3" 2) — F(3"x, 3" 2), T))

Taking the limit as n — ooin the above and using (3.5), (3.15) (3.17) and
for the last term using (3.9) and (3.2),
we have

P,.,(2A02x, 22) — 4A(x, 2), t) = 1p-

That is, A(2z, 2z) = 2A(x, 2)
Therefore,

Py (Al +y, 2+ w) = Alz, 2) = Aly, w), t)

—P,, (2,4 (“y ”“’) — Az, 2) — Aly, w), t>

2 72

and similarly as above it can be proved that
PM71,(A<ZL'+?/, Z—{—'UJ) - A(CL’, Z) - A(y7 w)a t) = 1L*

for all z, y € X.
That is,
Alx +y, z+w) = Az, z) + A(y, w), that is A is additive.
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The uniqueness of A follows from the fact that A is the unique fixed point of

J with the following property that there exists u € (0, co ) such that
P}L,V(f(aj7 Z) - f(07 O) - A($7 Z)v Ut) ZL* Ml((x7 Z), t)

for all x, z € X and t > 0. This completes the proof of the theorem. O

Corollary 3.2. Let p <1 be a non-negative real number and X be norm

linear space with norm ||.||, (Z, P’,,,, M) be an IFN-space, (Y, P, ,, M)
be a complete [FS-space and zg € Z. If f, g, h : X x X — Y are mappings
such that

Puo(f(ety, z24w)—g(x, 2)=h(y, w), t) Z0. Py (2o Cllell? + (lyll” + (27 + [lw][?) , 1)

(z,y, z,w € X, t > 0,2 € Z)
then there exists a unique additive mapping A : X x X — Y such that
Puoy(f (@ 2)=f(0,0)=A(z, 2),t) 2= P}, (20 (2l +1l2)7, 55 (3 = 37))
forallz € Xand t > 0, 2z € Z.

Proof : Define ¢ (1, y, z, w) = zo ([lz[|” + [Jy[" + l|2[]” + [[w]|?) and it
can be proved by similar way as Theorem 3.1 by a = 37, where 0 < o < 3.

Theorem 3.3. Let X be a linear space, (Z, P’',,,I') be a IFN-space,
¢ X X XX Xx X — Z be a function such that

T Yy 2w 1
P/,u,ll(¢ (§7§7§§> 7t> > L*P,u,u(a¢(x7 Y, va)at) (318)
for some real o with o > 3, (z,y, z,w € X, t > 0) and
lim P, (6(3", 3%, 3", 3"w), 3") = 1p.

forall x,y, z,w € X and t > 0. Let (Y, P,,,I') be a complete IFN-
space. If f, g, h : X x X — Y are mappings such that

Puvl/(f(x—i_%z+w)_g(x72)_h(y7w)7t) > PIM7V(¢(I7 Y, Z,M),t)
(3.19)

(z,y, z,w € X,,t>0).

Then there exists a unique additive mapping A : X x X — Y define by

A(z,z) = lim (f(3nx,3”z)ff(070)> for all x, z € X satisfying

n
n—oo 3

P,,(f(x,z)—f(0,0)—A(x,2),t) >« Mi((x, 2),t(a—3)) (3.20)

where My ((x, z), t) is given in the Theorem 3.1
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Example 3.4. Let (X, ||.]|) be any real Banach space, M a continuous t-
norm defined in Example 2.8. Then (X, P, ,, M) is a complete IFN-space

in which P, , (x, t) = ( : el )) :

|zt ]|

we define f,g,h: X x X — X, by
f(z,y) = ax +by + ||lzllzo + [[yllo,
9(z,y) = cx +dy + ||[2[|lvo + |yllzo,
Wz, y) = ex + fy + [lzllzo + [[yllzo,
where x( is unit vectors in X and a,b,c,d, e, f are positive real numbers.
Then |[f(z+y, 2+ w) — g(=x, 2) — h(y, w)|

<la-clllzl +la = ellyl 16— dlll=] + |6 — £l
forall z,y, z, w € X.
Thus P, , (f(z4+y, z24+w) —g(z,2) — h(y,w), 1)

21+ P ((la = clllzll + la —ellyll + [b = dll[z]| + 1o = fllw])zo, t)
forall x,y, 2z, w e X andt > 0.
Let o (2, y, 2, w) = (la = |z + [a —elllyll + [b—d[l|z]| + [b = flllwl]) zo
forall z, vy, z, w € X.
AlsoP, , (¢(3x,3y,32,3w),t) > P, ,(3¢(z,y,z,w), t)forall z,y, z, w €
X and t > 0. Hence all the conditions of Theorem 3.1 hold. Therefore f can
be approximated by as additive mapping. Actually there exists a unique ad-
ditive mapping A : X x X — X such that

Pu,u(f(wv Z)_f(oa 0)_"4(:137 2)’ t)
> P

t
v To, —
o “ 4a

Where
a = min {((4a+3e+c)||z|]| + (4b+3f +d)||z]||), ((4a+3c+e)||z|]| + (4b+ f+ 3d)||z|]),

(Ra+e+c)llzl] + 20+ f+d)lz]]), 3((2a+c+e)[|z|| +(2b+d+ f)llz]]) }
forall x,y, z, w € X andt > 0.

4 Conclusion

There are several studies in functional analysis which have been extended to
the fuzzy linear spaces and their extensions. In this paper we have conducted
such a study in intuitionistic normed linear spaces. The Hyers-Ulam-Rassias
stability of several other functional equations may also be taken up in these
spaces. This can be a future program. Also the fixed point approach that we
have used in this paper can possibly be applied elsewhere.

Competing interests. No one of the authors have any competing inter-
ests in the manuscript.
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